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ABSTRACT
This paper addresses the issue of estimating the sym-

bol timing in turbo receivers. We propose a linear timing
estimator which takes benefit from the soft information de-
livered by the turbo system at each iteration to compute the
timing estimate. This estimator is then compared to a syn-
chronizer based on the expectation-maximization (EM) al-
gorithm [1]. Performance of the proposed synchronizer is il-
lustrated by simulation results and proves better than that of
the EM-based counterpart regarding both the convergence
speed and range.

1. INTRODUCTION

Since the discovery of turbo codes by Berrou and Glavieux
[2], the so-called turbo principle has been applied to vari-
ous operations performed by a receiver : joint demodula-
tion and decoding, joint equalization and decoding, . . . Such
receivers have become famous due to the surprisingly low
bit-error rate (BER) they can reach at very low signal-to-
noise ratios (SNR). However, in order to benefit from this
performance turbo receivers have to know some parameters
like the carrier phase, the timing offset, . . . However, in such
iterative systems the low SNR operating point may make
the synchronization hard to perform. Moreover, as turbo
receivers are designed to reach very low BER a small syn-
chronization error may lead to important degradation and
quite accurate estimates are therefore required.

In this context one may be interested in exploiting the
soft information on bits or symbols delivered by such iter-
ative receivers in order to help the synchronizer. This ap-
proach, which is often referred to as turbo-synchronization,
has already been studied in several contributions. In partic-
ular, [3] presents a unifying framework for ML synchroniza-
tion in turbo systems by means of the expectation-maximization
(EM) algorithm [4].
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The present paper, we will focus on the particular issue
of timing synchronization in turbo demodulation receiver.
In particular we will derive a linear timing estimator which
takes benefit from the soft information delivered by the turbo
system at each iteration. The proposed estimator will then
be discussed and compared to an EM-based synchronizer
proposed in [1].

2. SYSTEM MODEL

We will focus on a bit-interleaved coded modulation (BICM)
scheme. The transmitter (Fig. 1) is then made up of a binary
convolutional encoder and a constellation mapper separated
by a bit interleaver. In the baseband formalism, the signal at
the transmitter output may then be written as

s(t) =
∑

k

ak u(t − kT ), (1)

where ak’s are complex symbols belonging to constellation
alphabet A, T is the symbol period and u(t) is a unit-energy
square-root raised-cosine pulse with roll-off α. Assuming
that s(t) is sent over an AWGN channel introducing a time
delay τ , the received signal is

r(t) =
∑

k

ak u(t − kT − τ) + v(t), (2)

where v(t) is the complex envelope of an additive white
gaussian noise with passband two-sided power spectral den-
sity N0/2. At the receiver (Fig. 2), after anti-aliasing filter-
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ing, r(t) is sampled at a rate of 1/Ts (with Ts < T/(1+α))
leading to samples

rl , r(lTs) =
∑

k

ak u(lTs − kT − τ) + vl, (3)

where vl is a white gaussian noise with variance 2N0/Ts.
Samples rl are passed through a discrete-time matched filter
i.e.

y(s) =
∑

l

rl u
∗(lTs − s)

=
∑

k

ak x(s − kT − τ) +
∑

l

vl u
∗(lTs − s), (4)

where s denotes the time at which the matched filter output
is computed and x(t) is a raised-cosine filter with roll-off
α. Finally, we assume that statistics y(s) are processed in
a turbo demodulator. Such a device introduced in [5] per-
forms iterative joint demodulation and decoding through the
exchange of extrinsic information between a soft-input soft-
ouput (SISO) demodulator and a SISO decoder.

3. EM ALGORITHM AND SYNCHRONIZATION

The expectation-maximization (EM) algorithm [4] is a method
which enables to compute iteratively the maximum-likelihood
(ML) estimate of a parameter. In [1], we applied this al-
gorithm in a turbo receiver for timing synchronization of
a linearly-modulated signal. The proposed implementation
of the maximization step was based on a steepest-descent
method. At iteration n, the correction performed on the cur-
rent timing estimate τ̂ (n) was then equal to

ε̂(n) , τ̂ (n+1) − τ̂ (n)

= β
∑

k

|η
(n)
k |

× Re
{

e−jarg(η
(n)
k

)
(

ẏ(kT + τ̂ (n)) −
∑

k′

η
(n)
k′ ẋk−k′

)}

,

(5)

where ẏ(kT + τ̂ (n)) is the time derivative of the matched fil-
ter output evaluated at kT + τ̂ (n), ẋk−k′ represents the time
derivative of a raised-cosine filter evaluated at kT − k′T ,

β is a weighting factor and η
(n)
k denotes symbol ak a pos-

teriori average values computed from the soft information
delivered by the turbo demodulator at iteration n. Note that
the terms subtracted from the matched filter output deriva-
tive in (5) cancel out two by two and one may rewrite this
equation as

ε̂(n) = β
∑

k

|η
(n)
k |Re

{

e−jarg(η
(n)
k

) ẏ(kT + τ̂ (n))
}

. (6)

The interest of the full expression (5) will however appear

in section 6. One may show that Re{ e−jarg(η
(n)
k

) ẏ(kT +
τ̂ (n))} actually represents the component of ẏ(kT + τ̂ (n))

which is in phase with η
(n)
k . Correction ε̂(n) may then be

viewed as a weighted sum of the projections of the matched
filter output derivatives on the a posteriori average values
η
(n)
k . In other words, correction ε̂(n) is simply the result

of a linear operation on a subset of the available observa-
tions. Now, the components in quadrature also contain in-
formation about the timing error and one may wonder why
not to benefit from them in the computation of ε̂(n). In the
same way, since (6) reduces to a linear operation, why not
to implement an efficient and unbiased linear estimator to
compute the new timing estimate ? These questions will be
addressed in the sequel of this paper.

4. UNBIASED AND MINIMUM-VARIANCE
LINEAR ESTIMATOR

Consider the following linear model

z = HΘ + n, (7)

where H is a random matrix, Θ is a deterministic but un-
known vector of parameters to be estimated and n is a zero-
mean noise vector with covariance matrix Rn. From the
observation vector z we would like to construct a linear es-
timator of Θ which is both unbiased and efficient i.e.

Θ̂ = Fz, (8)

with matrix F such that

E[Θ̂] = Θ, (9)

and
E[(Θ̂i − Θi)

2] is minimum ∀ i, (10)

where Θi and Θ̂i respectively denote the ith element of Θ

and Θ̂. By analogy with what is done in [6] for a non-
random matrix H, one can show that the matrix F which
solves this constrained minimization problem is given by

F =
(

E[H]T R−1
n E[H]

)

−1

E[H]T R−1
n , (11)

where E[·] represents the mathematical expectation operator
and Rn is the covariance matrix of the noise vector n.



5. SOFT LINEAR TIMING ESTIMATOR

Consider the time derivative of the matched filter output

ẏ(kT + τ̂ (n)) =
∑

k′

ak′ ẋ(kT − k′T − ε(n)) + e(k), (12)

where ε(n) , τ−τ̂ (n) represents the timing estimation error
at iteration n and e(k) is the contribution of the background
noise to the derivative of the matched filter output at time
kT + τ̂ (n). Let us now expand ẏ(kT + τ̂ (n)) into a sum of
its components in phase and in quadrature with η

(n)
k i.e.

ẏ(kT + τ̂ (n)) = ẏI(kT + τ̂ (n)) ejarg(η
(n)
k

)

+ ẏQ(kT + τ̂ (n)) ej π
2 +jarg(η

(n)
k

), (13)

with

ẏI(kT + τ̂ (n)) = Re
{

e−jarg(η
(n)
k

) ẏ(kT + τ̂ (n))
}

(14)

ẏQ(kT + τ̂ (n)) = Im
{

e−jarg(η
(n)
k

) ẏ(kT + τ̂ (n))
}

. (15)

Together components ẏI(kT + τ̂ (n)) and ẏQ(kT + τ̂ (n))
actually contain the same information as ẏ(kT + τ̂ (n)) and
we may use them to estimate the timing error. Let us then
linearize (14) around ε = 0, we have

ẏI(kT + τ̂ (n)) = hI(k) ε + wI(k) + eI(k), (16)

where

hI(k) , −Re
{

e−jarg(η
(n)
k

)
∑

k′

ak′ ẍ(kT − k′T )
}

(17)

wI(k) , Re
{

e−jarg(η
(n)
k

)
∑

k′

ak′ ẋ(kT − k′T )
}

(18)

eI(k) , Re
{

e−jarg(η
(n)
k

)e(k)
}

. (19)

In other words, hI(k) represents the sensitivity of ẏI(kT +
τ̂ (n)) to a timing error, wI(k) is the perturbation introduced
by the presence of adjacent symbols (self-noise) and eI(k)
is the contribution of the background noise. Expressions
similar to (16), (17), (18) and (19) may be found for ẏQ(kT+
τ̂ (n)). If we then define by ẏ the vector of components
ẏI(kT + τ̂ (n)) and ẏQ(kT + τ̂ (n)), by h the vector of sen-
sitivities hI(k) and hQ(k), by w the vector of self-noise
components wI(k) and wQ(k), and by e the vector of back-
ground noise contributions eI(k) and eQ(k), we have

ẏ = h ε + w + e. (20)

Assume we would like to construct an unbiased and
minimum variance estimate of ε from the observation vector
ẏ. Using model (20) we have from section 4

ε̂(n) =
(

E[h]T R−1E[h]
)

−1

E[h]T R−1(ẏ − E[w] − E[e])

(21)

where
R = Rw + Re,

since the contribution of the self-noise and of the back-
ground noise are independent. Note that the expectation
operators which appear in (21) should be over the a pri-
ori probability distribution of transmitted symbols ak. In
this paper however, we would like to benefit from the sym-
bol a posteriori information delivered by the turbo receiver
in order to perform the synchronization. Consequently, a
priori expectations E[·] will be approximated by expecta-
tions using the soft a posteriori information provided by the
SISO decoder. Note also that (21) has a high computation
cost since it requires the inversion of covariance matrix R.
Therefore, in order to overcome this problem, we will as-
sume that matrix R is diagonal. Estimator (21) then reduces
to

ε̂(n) = β′

∑

k

E[hI(k)]

σ2
wI(k) + σ2

eI(k)

× Re
{

e−jarg(η
(n)
k

)
(

ẏ(kT + τ̂ (n)) −
∑

k′

η
(n)
k′ ẋk−k′

)}

+ β′

∑

k

E[hQ(k)]

σ2
wQ(k) + σ2

eQ(k)

× Im
{

e−jarg(η
(n)
k

)
(

ẏ(kT + τ̂ (n)) −
∑

k′

η
(n)
k′ ẋk−k′

)}

,

(22)

with

β′ =
(

∑

k

E[hI(k)]

σ2
wI(k) + σ2

eI(k)

+
∑

k

E[hQ(k)]

σ2
wQ(k) + σ2

eQ(k)

)

−1

,

and where

E[hI(k)] = − Re
{

e−jarg(η
(n)
k

)
∑

k′

η
(n)
k′ ẍ(kT − k′T )

}

(23)

σ2
eI(k) = − N0 ẍ(0) (24)

σ2
wI(k) =

∑

l

ẋ2(kT − lT ) σ2
aI(l), (25)

and σ2
aI(l) is the a posteriori variance of the component

of symbol al which is in phase with ηk. Likewise, σ2
eI(k)

and σ2
wI(k) respectively represent the variance of the back-

ground noise and the self noise components which are in
phase with η

(n)
k . Expressions similar to (23), (24) and (25)

may be found for E[hQ(k)], σ2
eQ(k) and σ2

wQ(k). In the se-
quel, the estimator (22) will be referred to as SLITE (Soft
LInear Timing Estimator).

6. SLITE AND EM ESTIMATOR COMPARISON

In this section we will compare the SLITE with the EM es-
timator. We see from (5) and (22) that both estimators use



the components of a modified version of the matched filter
output derivative which are in phase with η

(n)
k , i.e.

Re
{

e−jarg(η
(n)
k

)
(

ẏ(kT + τ̂ (n)) −
∑

k′

η
(n)
k′ ẋk−k′

)}

.

However, the SLITE estimator also uses the in quadrature
components. These components mainly contain informa-
tion about the timing error coming from adjacent symbols.
Their contribution will therefore become more important as
the actual timing error ε increases. Note that the term which
is subtracted from ẏ(kT + τ̂ (n)) actually corresponds to a
soft cancellation of the self noise. Although this soft op-
eration appears in both the EM and the SLITE approaches,
the subtracted soft terms will cancel out two by two in the
EM case when we perform the summation over all the ob-
servations. This is actually due to the particular coefficients
used to weight the observations, namely |η

(n)
k |. Notice also

that in the EM estimator the weighting of an observation is
only a function of the confidence we have in the correspond-
ing symbol. On the contrary, the SLITE proposes to weight
each observation by a coefficient proportional to the mean
of the sensitivity and inversely proportional to variances of
the noises (self and background) which affect the matched
filter output derivative. Consequently, as we see from (23)
and (25), the coefficients in the SLITE are weighted sums
of the confidence we have in all the symbols.

Let us now consider the performance of the estimators
after a large number of iterations. If the turbo system con-
verges i.e. manages to decrease the BER a posteriori ex-
pectations η

(n)
k will become closer and closer to the actual

transmitted symbol. Consequently, (5) reduces to the maxi-
mization of a data-aided likelihood function via a steepest-
descent method. The EM estimator will then be asymptot-
ically unbiased and efficient. Concerning the SLITE, we
see from (25) that the self-noise variances which affect the
coefficient reduce to zero. Therefore, (22) becomes

ε̂(n) =
∑

k

hI(k)

hI(k) + hQ(k)

× Re
{

e−jarg(ak)
(

ẏ(kT + τ̂ (n)) −
∑

k′

a
(n)
k′ ẋk−k′

)}

+
∑

k

hQ(k)

hI(k) + hQ(k)

× Im
{

e−jarg(a
(n)
k

)
(

ẏ(kT + τ̂ (n)) −
∑

k′

a
(n)
k′ ẋk−k′

)}

,

(26)

which is the equation of a least-square (LS) estimator. This
is a consequence of our diagonal approximation of covari-
ance matrix R. One may show [6] that if the noise which
affects the observations is not white the LS estimator is not
efficient. We should therefore observe a degradation with

respect to the Cramer-Rao bound in the mean squared error
of the SLITE.

7. SIMULATION RESULTS

In this section the performance of the SLITE will be studied
and compared to that of the EM estimator through simula-
tion results. At the transmitter, we consider a rate- 1

2 non-
systematic convolutional encoder with polynomial genera-
tors (g1, g2) = (5, 7)8 and use 16-QAM modulation. A
mapping proposed by ten Brink in [5] and referred to as
medium unconditioned bit-wise mutual information map-
ping is used. The pulse waveform is a square-root raised co-
sine with roll-off 0.2. The interleaver is totally random and a
different permutation is used at each frame. At the receiver,
the matched filter outputs are computed from the samples
thanks to an interpolator and a discrete-time matched fil-
ter. The considered interpolator [7] is designed in order to
minimize, on the bandwidth of the useful signal s(t), the
quadratic error between the ideal interpolator frequency re-
sponse and the interpolator frequency response. The num-
ber of taps of the interpolator is set to 21. The timing esti-
mate is initialized to 0 at the first iteration. At each turbo
iteration, a new timing estimation is computed using the
posterior soft information delivered by the turbo demodu-
lator. The matched filter output is then corrected according
to this new estimate and a new turbo iteration is performed.
Note that the matched filter output derivatives which appear
in (5) and (22) are simply computed via an early-late ap-
proximation with time separation T/16.

Fig. 3 represents the SLITE (in red) and EM estima-
tor (in blue) performance (mean and mean squared error)
as well as the corresponding bit error rate (BER) and frame
error rate (FER). The simulation has been run for frames
of 500 16-QAM symbols and 12 turbo iterations have been
performed. An Eb/N0-ratio of 4dB and a normalized tim-
ing offset τ/T ranging from 0 to 0.5 have been considered.
The dashed curves represent the data-aided (DA) Cramer-
Rao bound in Fig. 3.b and the BER reached by a perfectly
synchronized system in Fig. 3.c.

In Fig. 3.a we can see that the mean of both estimators
is the same after a large number of iterations. Note however
that the SLITE exhibits a faster convergence towards the ac-
tual timing offset τ than the EM method. As expected this
difference between the two estimators increases when the
timing error increases since then the SLITE fully benefits
from its “extended” observation set (namely both in-phase
and in-quadrature components). We observe the same be-
havior for the mean squared error in Fig. 3.b. Note however
that, this time, the final performance is no longer the same.
Indeed, whereas the EM estimator reaches the Cramer-Rao
bound the SLITE remains slightly above. As mentioned in
section 6, this behavior is actually due to the diagonal ap-
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Fig. 3. Estimator mean, mean squared error, BER and FER for
ten Brink’s mapping at Eb/N0 = 4dB versus normalized timing
offset

proximation for matrix R. Notice however that the gap be-
tween the two methods is very small. Therefore, as see at
Fig. 3.c and 3.d the estimate provided by both the estima-
tor is accurate enough and the reached BER and FER do not
suffer from any degradation with respect to the performance
of a perfectly synchronized system.

Fig. 4 represents the SLITE (in red) and EM estima-
tor (in blue) mean as well as the frame error rate (FER)
reached by the system for an anti-Gray mapping. The sim-
ulation has been run for frames of 300 16-QAM symbols at
an Eb/N0 = 4dB. Note that anti-Gray mapping enables to
reach lower BER but is also more sensitive to timing errors.
Therefore, for a high timing offset the soft information de-
livered by the turbo demodulator will be of lower quality.
We may notice from Fig. 4.a and 4.b that SLITE makes a
better use of the available information and is therefore less
sensitive than the EM approach to the degradation of the
information delivered by the turbo system.

Conclusion

In this paper we have presented a new soft decision directed
iterative linear estimator of symbol timing. At each iteration
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of a turbo process, this estimator computes a new timing
estimate by taking into account the soft information deliv-
ered by the turbo system. The proposed estimator have been
compared to an EM-based method and proves to have both
a higher range and a faster speed of convergence.

A. BEST LINEAR UNBIASED ESTIMATOR

A.1. Problem Statement

Consider the following linear model

z = HΘ + n, (27)

where H, Θ and n are mutually independent real random
elements. From the observation vector z we would like to
construct a linear estimator of Θ which is both unbiased and
efficient by design i.e.

Θ̂ = Fz, (28)

with matrix F such that

E[Θ̂] = Θ, (29)

and
E[(Θ̂i − Θi)

2] is minimum ∀ i, (30)

where Θi and Θ̂i respectively denote the ith element of Θ

and Θ̂.

A.2. Unbiasedness Constraint

Replacing Θ̂ by its expression in (29) we find that the unbi-
asedness constraint implies for matrix F to be such that

F E[H] = I, (31)



where I represents a unitary matrix. Rewriting F in a way
more convenient for the subsequent derivations

F =











f
′

1

f
′

2
...
f
′

n











, (32)

the constraint (31) may also be written as

E[H′]
(

f1 f2 . . . fn
)

=
(

e1 e2 . . . en

)

,
(33)

where ei is a unit vector,

ei = col
(

0, . . . 0, 1, 0, . . . 0,
)

, (34)

in which the nonzero element occurs in the ith position.

A.3. Mean Squared Error Expression

Knowing that the estimation of Θi is given by

Θ̂i = f
′

i z, (35)

the mean squared error associated with the estimation of this
parameter may then be written as

E
[

(Θi − Θ̂i)
2
]

= E
[

(Θi − f
′

i z)2
]

(36)

Developing (36), we get

E
[

(Θi − Θ̂i)
2
]

= E
[

Θ2
i − Θ

′

H
′

fi Θi − Θif
′

i HΘ

+ f
′

i (HΘΘ
′

H
′

+ nn
′

) fi
]

(37)

Using then the unbiasedness constraint (33), we finally come
up with

E
[

(Θi − Θ̂i)
2
]

= f
′

i (E[HRΘH
′

] − E[H]RΘE[H
′

] + Rn) fi
(38)

where RΘ and Rn respectively denote the autocorrelation
of the parameter vector Θ and of the noise vector n.

A.4. Derivation of the Estimator

Using the Lagrange’s method for handling the minimization
problem (??) with constraint (??), we find that the expres-
sion of matrix F is given by

F =
(

E[H
′

]R−1E[H]
)

−1

E[H
′

]R−1 (39)

where R has been defined as

R = E[HRΘH
′

] − E[H]RΘE[H
′

] + Rn (40)

Note that if H is deterministic, (39) reduces to

F =
(

H
′

Rn
−1H

)

−1

H
′

Rn
−1 (41)

which is also the expression of the maximum-likelihood es-
timator if the noise n which affects the observation vector z
is gaussian.
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