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I. NOTATIONS

The notational conventions adopted in this paper are asafsilo

a italic lowercase indicates a scalar quantity,

a boldface lowercase indicates a vector quantity,
ay, the kth element of vectoa,

A capital normal indicates random variables,

A and boldface letters indicates random vectors,

A the set of indices of the elements of a vector

ay vector made up of the elements @afwhose index is inA,

A the set of values that a random variable or vector can take on,
A% the set of values oA whenA, = a;,

Ay the set of values o4y,

| Al cardinal of 4

pa(a) probability of a random vectoA evaluated at

o equality up to a normalization factor.

Il. INTRODUCTION

In this paper, we consider the problem of maximum a posiefMAP) estimation of an unknown

vectord from the observation of a vectgr, i.e.,
Oarap = argmax log peyy (0y), (1)
= argmax log pe.y (0, ¥)- (2)

In the sequel, we will refer to the goal function in (2) as tbg-MAP function(LF).

In a number of practical scenarios, the observation vedodepends on a random vect®® =

[X1,Xa,...,Xy]. The LF may therefore be rewritten’as
log po.y(0,y) =log > pexy(f,x,y). 3)
xeX

Unfortunately, due to the dependence of the observationX othe MAP estimation problem (2) has,
most of the time, no closed-form solutions. In order to ameent this problem, powerful numerical

methods, enabling to iteratively compute the MAP soluti@h, have been proposed in the literature.

1If X takes on values on a continuous domain, the summation sign has to betondess an integral.
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For example, the expectation-maximization (EM) algoritithdr the family of gradient methods [2] are
instances of such algorithms. More recently, iterativéresion methods based on the belief-propagation
(BP) algorithm [3] have appeared in the literature, see €J.[p], [6]. Although slightly different in
their implementation, these methods have the common featucomputing a sequenQ@(”)}g‘;o by
increasing at each iteration a "pseudo” log-MAP function (PR latter PLF being built by considering
standard BP messages as a priori information on the nuigaraeneters. In the sequel, we will therefore
refer to this kind of algorithm as iterative PLF maximizatidRL(FM) algorithm.

In [6], the authors proposed to maximize the PLF by means of thealg)drithm. Considering this
particular implementation, they showed that if only one EMration is performed, one recovers the
standard implementation of the EM algorithm, proving as aplpduct that the fixed points of their
IPLFM algorithm must be stationary point [1] of the LF when the FG ha cycles This conclusion was
later shown to be valid irrespective of the method used toimiae the PLF in two parallel works [7],
[8]: in [7] this result was shown in the particular contextyinchronization problems whereas general
FGs were considered in [8]. In [8], the author also gives altdeu cyclic FG, although the proposed
result does not enable an easy interpretation of the nafutleedixed points.

In this paper, we relate the fixed points of the IPLFM algorithmhi® Bethe free energy [9] associated
to the considered FG. In particular, we show the followinguhssi) any fixed points of the IPLFM
algorithm is a stationary point of the Bethe free eneiythe fixed points of the IPLFM algorithm must
also be fixed point of the (extenddEM algorithm; iii) we give necessary and sufficient conditions
for local convergence of the IPLFM algorithm. As a corrolary listresult, we show that the IPLFM
algorithm can never converge to maxima of the Bethe freeggné&inally, we give a way of combining
the IPLFM and the EM algorithms to derive fast-convergence @gdmed EM algorithm.

The remainder of this paper is organized as follows. In sedtipwe discuss the evaluation of the LF
by means of the BP/FG framework and briefly discuss the complagiociated to standard maximization
methods (gradient algorithm, EM algorithm). In section I\e define thePseudo LMFassociated to a
covering set of regions of a FG and we emphasize some of itegiep. Based on these properties, we
then emphasize several important properties of the IPLM #lgor Finally, in section V, we propose
a constrained version of the IPLM algorithm, which is ensui@adnverge, by using results from the
EM-algorithm theory.

Note that we have included a lot of material in the appenditesAppendix |, we give a short

2see section Il
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introduction to the factor-graph representation and tHefspropagation algorithm. In Appendix II, we
review the notion of free energy of a system and make the sapegonnections between free energy,
LF and BP algorithm. In Appendix Ill, we give some results pgring to the EM algorithm framework.

Finally, in Appendix IV we give the expression of the rate ofieerge of a certain family of algorithms.

Il. COMPUTATION OF THELF WITH THE BP ALGORITHM AND BETHE FREE ENERGY

APPROXIMATION

As mentionned in I, the LF may be regarded as the marginabot v (¢,x,y). In particular, we can

rewrite (3) as

log po.y(0,y) =log Y pex.y(0 iy), 4)
T, €X;
where
pox,x(0,zi,y) = Y poxy(0.x.y). (5)
xeX i

(5) can be efficiently evaluated using the theoretical fraorkvof the factor graphs (FG) and the belief

propagation (BP) algorithm (see Appendix I). Indeed, let

pexy(0,x,y) = H‘I’XV (xv,,0), (6)

be a particular factorizatidnof pe x v (6, x,y). Then, if the FG representation of (6) égcle free we

have
Poe.X; Y 0 y Uiy Y H ma—>z xz (7)
a€P;
Therefore,
Ing@Y IOg Z H ma—>z xz» (8)
z, €EX; a€EP;

Since the BP algorithm enables to efficiently compuitg ,;(x;; 6) by taking benefit from the factorization
of po x v(0,%,y), the evaluation of the LF via (8) turns out to be often much lessiplex than the
brute-force evaluation of (4). Note that (8) is valid for amgdei in the FG. Moreover, since we only
need the messages ame arbitrary node in the FG, the complexity of this approach igsiejent to
computing the messsages on all the edges of the FG inadydirection. In other words, we see that

the complexity associated to (8) is half the complexity aiged to the computation of all the marginals

3For the sake of conciseness, we have drop the possible dependedisg, 0o (xv,,0) On'Y.
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that of the function that the FG represents (which requiresotopute the messages on the edges of the
FG in both directions).

Note that (8) is valid to evaluate the LF as long as the messages(z;; §) are computed on aycle-
free FG representation afe x v (#,%,y). Unfortunately, in many cases a "low-complexityéycle-free
representation gfe x v (0, x,y) does not exist. In such cases, the implementation of iteraptimization
techniques (gradient algorithm, EM algorithm,...) turng tube complex since the complexity of one
iteration of these algorithms is usually of the same ordethasevaluation of the LF. For example, the

gradient of the LF can be computed as follows [10],

M
Vologpey(0ly) = Y. px, vexvly.0) Velog¥x, o(xy,0), 9)

a=1xy,EXy,

whereas the function evaluated by the EM algorithm at eachtite (see Appendix Ill) writes

Qoje (010') Z > pxo,vexvly.0)log¥x, o(xy,.0), (10)

a=1xy, Xy,
We see that the evaluation of (9) and (10) both requires thepatation of marginalgx,, v e (xv,|y,0).
As a consequence, the complexity of the gradient algoritnrthe EM algorithm is roughly equal to
twice the complexity associated to the evaluation of the L& (@). In such cases, if we want to reduce
the complexity of the problem there is no other solutionsithesorting to approximations.

An approach that we will consider in the rest of this papeoispproximate the LF by the minimum
of the Bethe free energy of the system. Indeed, we show in Aqligdl that if the FG associated to (6)
is cycle free, then (minus) the LF can be seen as the minimunh ¢(@spect to some variablég(xy, )
andb;(x;)) of the Bethe free energy. In the cycle-free case, denoting;bxy, ) and b/ (z;) the values

minimizing the Bethe free energy, we have therefore

logpey(0,y) = —Go B,(xy.),Bi(z:) (0,05 (xv,), b} (i) - (11)

If the FG contains cycle, we can consider the minimum of then8dtee energy as an approximation

of logpe v (0,y), i.e
logpe,y(0,y) ~ —Go B,(xv,),B:(z:) (05 ba(xv,), b5 (7)) - (12)
In the rest of this paper will therefore consider the follogriimaximization problem

0* = arg max Lo(0), (13)

“i.e. a representation such that the cardinality®® is small.
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where

L@(@) < _GG),Ba(xv,,,),Bi(zi) (07 bZ(xVa)v b:(xl)) . (14)

With a slight abuse of language, we will refer fay(0) as the LF in the sequel. The reader should
however keep in mind thakeg(6) is only an approximation of the LF when the FG contains cycles. T

conclude this section, it is interesting to generalize {8he more general problem of evaluatihg (0):

Result (Relation between the Bethe free energy angly (0)): Let b%(xy, ) andb?(x;) denote the beliefs

maximizing the Bethe free energy associated to (6) (see wgipdl). Then, for anyé,

Le(0) = Krg logye(0), (15)
where
N =1 if the FG contains no cycle,
Krg &M — N — Zdz =0 if the FG contains one cycle, (16)

=1
' < 0 if the FG contains more than one cycle.

Proof: Let us start from (91). Plugging the expressiompfxy, ) andb; (x;) defined in (100)-(101) into
(90), we get

M N
G@,Ba(xva),Bi(:m) (9, bZ(XVa)7 b;('rl)) = Zlog Ya — Z(dl —1)logi
a=1 i=1
M N
- Z Z ba(xv,) Z log m;_q(z;) + Z(dl —1) Z bi(z;) log my_;(x;). (17)
a=1xv, EXy, i€V, i=1 T, €X;

Using (104), it can then be shown that the last two terms irlif) €ancel out. Moreover using (76), we

finally have

N
Go,B. (xv,),Bu(w) (0,05 (xv,), 0} (25)) = (M = N =) " d;)loge(0). (18)
=1

It is easy to show thad/ — N — Zi]\il d; is equal tol if the FG is cycle free( if it contains one cycle

and negative otherwise. O

We see that if the FG is cycle free, we recover (8) since,

logpe v (0,y) = —Go B,(xy,),B:(z:) (0, ba(xv,), b} () (19)

= logye (). (20)
*We use the shorthand notatiofé (9) = v, and & (0) = ..
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However, when the FG contains more than one cycle, we havééanauslog ve () to evaluateLg(0).
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IV. | TERATIVE PSEUDOLF MAXIMIZATION

In this section, we give a definition of the PLF and the IPLFM algonitand discuss some their

important properties.

A. Pseudo LF: Definition and Properties

Definition: A regionR of a FG is defined by a set of factor nodes and the setllofariables which

are connected to them.

Definition: A covering sef is a set of regions such that all factor nodes in the FG arededun one

and only one region of the set.

Definition: A variable node: is said to be @oundary nodef there exists some such thata ¢ R and

a€ P

Notations: In the sequel, we will use the following set of notations:

Vr set of (the indices of the) variable nodes belonging to medo

174 set of (the indices of the) boundary variable nodes bela@ngnregionk,

Pr set of (the indices of the) factor nodes belonging to regian

mg_,;(x;,0) BP message transmitted from factor nadé variable node if © = ¢ in all the factor nodes.

Example: We show in Fig. 1 two possible covering sets of regions in a FG.

Definition: Let 2 be a covering set otycle-freeregions. The pseudo LF (PLF) associated with a

covering set of region§) is defined a%

Goe(0,0) 2> log Y Ux, o(xr,0)Px, e (xr,0), (21)
ReN XR
where
\IIXR,@(X'Ry 9) £ H \IIXVG,@(XVM 9)7 (22)
GGPR
(I)XR,G/ (XR, 9/) £ H H mai(l’i’ 0,)- (23)

1€V aeP;\Pr
i.e. Ux, o(xr,0) is equal to the product of the factors belongingRoand ®x . o(xr,0) is equal to

the product of the messages entering the boundary varialesnofRR.

®The definition of the PLF is related to the "Hybrid-EM” update rule definedginwjhen none of the factor nodes depending
on O follow the standard "E-log” rules.
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Fig. 1. Two possible covering sets of regions of the FG. In the leftdiside figure, only; andx3 are boundary

variable nodes whereas in the right-hand-side figures allvttriable nodes are boundary nodes.

The appelation "pseudo” LF is motivated by the following reésul

Property 1: We have

Lo(6) = IEF G2 o(0,0), (24)

Proof: This result is direct consequence of the fact that

log Y " Ux, 0(xk, 0)Px, 0 (xR, 0) = logye(0). (25)

XR

if R is cycle free. (This can be shown by showing that

Z\I/XR (xR, 0)Px,, 0 (xR, 0 Z H m, (26 for anyi € Vg). (26)
XR T, a€V;
Therefore, using (15) we get (24). O

From property 1, we see that the PIG%@,(H,G) is equal toLg(#) up to a factorﬁ{lf whenf = ¢'.

In fact Lg(#) and G@ o (0,0") have exactly the same mathematical structure; the onlgrdifice is that
Lg(0) allows both¥x . ¢ and ®x, ¢ to vary with ¢ Whereang,@, only allows ¥x,, ¢ to vary with

f. This approximation is equivalent to not taking into accoth@ interactions that factors in different
regions of the FG could have. Roughly speaking, this intaiteasoning tells us that the PLF is likely to

behave more and more like the LF when the size of the regioease Note that since (24) is true for

"As a particular case, if2 only containsone region which covers the whole FG, the PLF and the LF are equal.
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any covering sef) of (cycle-free) regions, it is also tridor any linear combination of set of regions,

ie.

Kra Y wi Gole (6,0)
22 wil Sl ’

with > . w; = 1. Considering combination of PLF may probably be interestingriactice to build more

Le(0) = (27)

accurate approximation of the LF without increasing the dewity of the IPLFM algorithm. For the
sake of simplicity and without loss of generality, we willimever stick to the case of one single covering

set in the remainder of the paper.
The next property shows that the LF and the PLF have locally thes $ast order behavior:
Property 2: We have

VoLe(f) = VoG e (0, 0), (28)

Proof: Using the definition ofG@ e,(9,9) and taking the derivative with respect &, we get

VoG e (0,0) = Veolog) Ux, e(xr,0)Px,e(xr,0), (29)
ReQ XR
- 3 3 YolIxeolxr 0 0xn,0 (. 0) (30)
REQ Xr an \IIXR (XR> H)q)XR,@’ (XR7 9/) ’
= ) bxp00 (xR, 0,0)Velog Ux, o(xr,0), (31)
ReQ xR
=3 YD bxeee(xr,0,0)Velog Ux,, o(xy,,0), (32)
ReEQaePr XRr
where we have used the fact thép log fo = V}%fo in (30) and (31), and
v 0)® / 0’
. 39

an Ux,..0xr, 0)Px, 0 (xr,0)
Now, since(2 is a coveringset of regions, we have thal, o>, cp. = S°M . Moreover, since the

regions are cycle free, we have

> bxeoe (xR, 0.0) =bx,, 06 (xy,.0,0) = bi(xy,), (34)

x
V,
XRGXR @

whereb’ (xy, ) is the belief minimizing the Bethe free energy of the syst@imerefore,

M
VoG8 e (0,0)=> Y bi(xy,)Velog Ux,, e(xy,,0). (35)

a=1 Xy,

8This will also be the case for the other properties proved in the sequel.
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Finally, using (106) we get (28). O

This second property of the PLF is very interesting since iestétat the Bethe free energy and the PLF
have locally the same first order behavior (up to a factor -I).we will see in the next section, this

property will turns out to be key in the characterization toé fixed points of the IPLFM algorithm.

Property 3: The Hessian matrix of.g(f) can be expressed as
VéLe(8) = VEGg e (0,0) + Voo Gd o(6,6), (36)
where
VG o (0.6) =

Z (Z bx .00 (xR, 0,0)VElog Ux, o(xr,0)

REQ
+ Z bx .00 (Xr,0,0)Velog Ux, o(xr,0) Ve log Ux, e(xr,0)
= bxq 00 (xR, 0,0)VelogUx, o(xr,0) Y bx, 66 (xr,0,0)Velog Ux, o(xr, 9)) ,
(37)
Voo G e (0.6) =
> (Z bxr.0.0 (xR, 0,0)Velog Ux, o(xr,0) Ve log Px, o (xr,0)
REQ
— bxq00 (xR, 0,0)Velog Ux, o(xr,0) Y bx,ee6 (xr,0,0)Ve log x, o (xr,0 ))-
(38)
Proof: Starting from (31), we have
VoG8 (0,0)=> Y Vebxeee(xr,0,0") Volog Ux, o(xr,0)
REQ xR
+ )Y bxp 00 (xR, 0,0') VElog Ux, o(xr.0). (39)
ReEQ xR
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Now, using the fact thal’e log fo = Y%=, we have

Vobx .00 (xr,0,0) =bx, 00 (xr,0,0)Veloghx . 6.6 (xr,0,0), (40)
= bx,.0,0 (xr,0,0) (V@ log ¥x, o(xr,0)
~ Volog Y Uxy0(xk, 0)Px, 00 (xk.0)), (41)

= bx, 0,0 (xr,0,0) (V@ log Ux . o(xr,0)

Ux XR’ 0)®Pxr .0 (X;Z 9/) / o
=,0 R ) log W ,0)P , .0 ) ,
Z Z ” \PX’R, (X[I/Z7 0)¢XR,@' (X’Ra 0/) V® Og XR7®(XR ) XR7® (XR )

(42)
= bx, 00 (xr,0,0) (V@ log Ux . o(xr,0)

Y bxp o0 (xR, 0,0) Ve log Ux, 6 (xk. 9)) . (43)
Plugging (43) into (39), we get (37). Proceeding in the sameavataking into account thafg Le (0) =
VoGg o (0,0) by (28), we can get similar expressions o @/G@ o (0,0) and VZ Lo () and prove
(36).

B. IPLFM Algorithm: Definition and Properties
The IPFLM algorithm is define by the following recursfon
6+t = arg max G2 (0,0M), (44)

i.e. at each iteration we compute a new estin#4té!) by maximizing the PLF. In the rest of this section,
we will show that the properties of the PLF (see section IV-A} ary interesting properties. In this
section, we will show that those properties translates &iralele properties concerning the fixed point

and the convergence of the IPLFM algorithm.

Result: If 60, is a fixed points of (44), thenf; must be a stationnary points of

Go,B,(xv,),Bi(xz:) (0505 (xv,), bF (z;)) i.e.,

VoGo B, (xv.).B.(x:) (O b5(xv,), b (z:)) = 0. (45)

SAlthough already considered in different scientific papers, the firseigé definition of IPLFM algorithm was given in [8]
in terms local node update rules. In fact, (44) can be understood @sallsd "Hybrid-EM” algorithm when none of the nodes

follows the standard "E-log” rule.
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Proof: If 6, is a fixed point of (44), then we must have
VeGo.e (9f.07) = 0. (46)
Now, sinceV@Gg,e,(H,H) = —VeGe B, (xv,),Bi(x) (0 b5(xv,), b} (z;)) from (28), we also have
VeoGe B, (xv,).B:(x:) (0F, ba(xv,), b (z:)) = 0. (47)
andd; is therefore a stationary point of the Bethe free energy.

This property gives a nice interpretation of the fixed pointheff tPLFM algorithm in terms of stationary
point of the Bethe free energy. It basically states that argdfigoint of the IPLFM algorithm must be
stationary point of the Bethe free energy. This feature isoafrge highly desirable since any solution of
(13) must also cancel the first derivative of the Bethe freeggnénterestingly, this result generalize the
"cycle-free” theorem proved in [7], [8]: when the FGs is cyflee, the Bethe free energy is equal to

—logpy e(y,f) and we the fixed points of the IPLFM algorithm are stationnary pofrthe true LF.

The next property relates the fixed points of the IPLM algorithnthimse of the EM algorithm:

Property 2: Let I'; denotes the set of fixed points of (44) and Iigi;; denote the set of fixed points
of the (extended) EM algorithm (see Appendix Ill). Then, weéav

I'c CTeum. (48)

Proof: We must show that if/; is a fixed point of (44) then it is also a fixed point of the exten&dd

algorithm. Now, anyd; which satisfies the following two sufficient conditions

YD bxee(xr,05)Velog Ux, 0(xr, 0f) =0, (49)
ReQ xR
Z Z bXR,@(XR) 9f)V2@ log \PXR,@(X’Ra Gf) = 0. (50)
ReQ xR

is a fixed point of the extended EM algorithm. From our previossiite we know that the first condition
is fullfilled for any fixed point of (44). Let us show that any fixedipioof (44) also satisfies the second
one. If 0, is a fixed point of (44), then

V8GE e (6,0) < 0. (51)
Now using (37), we have
VeGae(0.0) =D bxqe(xr,0f)Velog Ux, o(xr,0f) + D, (52)
ReQ Xr
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whereD is a definite positive matrix. As a consequence we have

VeG3e(0,0) = > bxe0(xr,07) Ve log Ux, o(xr,07), (53)
REN Xr
and
V%G%@,(Q, 9) =0 = Z ben,@(X'R, Gf)V% log \IIXR,G(XRa Gf) = 0. (54)
REQ Xr
O

Property 3: The IPLM algorithm nevedocally converges to minima of.g(f). Moreover, itlocally

converges to a maximum dig(0), say#é,,, if and only if:
Vo.00Go.6 (0m,0m) = Va Go.o (Om, Om). (55)
Proof: Let 6 be a fixed point of (44) and let us consider the following canditof local convergence:
-I<Rg(by) <1, (56)
wherel is the unitary matrix and (see Appendix V)
Re(0y) = (-V3G36(07.05) ' Voo Gl o (0r.07), (57)

is the (local) rate of convergence of (44) arouhd We will show that (56) is never satisfied for minima

whereas it is satisfied for maxima if and only if (55) is satisfied

Then, the algorithm converges if and only if (56) is satisfieding (57) and taking into account that

V3 G%,e/ (0f,05) = 0 for any fixed point, condition (56) may also be rewritten as
Ve Go .o (05.0f) < Voo Gg e (95.05) < =V GE o (07, 6y). (58)

Adding VZ G&@,(Gf,ef) and taking (36) into account, we have the following equintleondition of

convergence:
2V G8o(07,05) < V& Le (05) < 0. (59)

Based on this expression we can draw the two following camiss First, if6; is a minima ofLg (6¢),

thend; is not a stable fixed point of (44). Indeed,dif corresponds to a minimum, it implies

Vg Le (0f) = 0. (60)
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Therefore, the second inequality in (58) is violated and tigeréhm does not converge ;. On the
other hand, iff); corresponds to a maximum éfg (6), the second inequality in (58) is always satisfied

and the (local) convergence tg is therefore ensured if and only if

2Ve Geo(05,07) < V3 Lo (67), (61)

which is equivalent to
Voo Goe(05,0f) = Ve GE o (05,05), (62)
by using (36). O

In property 1, we saw that some fixed points of the IPLM algorittam possibly correspond to maxima
of the the Bethe free energy. From property 3, we see that é\@miximum of the Bethe free energy
is a fixed point of (44), the algorithm will not converge to it.ok&over, property 3 provides necessary
and sufficient conditions (55) for convergence to the minimahe Bethe free energy. At the best of
our knowledge, it is usually not possible to prove that the IPFAllybrithm will alwaysconverge to the
minima of the Bethe free energy (even it does in a lot of exasiple have tested). Based on properties
1,2 and 3, we can therefore draw the Venn diagram in Fig. 2 ofléeendence between the fixed points

of the EM and IPLFM algorithm and the stationary points/ef(0).

VLe(0) =0

max Lg(0)

Fig. 2. Venn diagram of the dependence between the fixed points oEMeand IPLFM algorithms and the

stationary points and maxima @fg ().
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V. ENSURING THECONVERGENCE A CONSTRAINED VERSION OF THEIPLFM ALGORITHM

Although the fixed points of (44) have been shown to stationappints of
Go,B.(xv,),B:(x:) (0, 5(xv,), b7 (z;)), the convergence to these fixed points may not be ensured
(unlike gradient-based or EM algorithms). In some situajansuring the algorithm convergence may
however be of major importance. From the Global ConvergenoeorBm [11], it follows that the

convergence of (44) may be guaranteed by adding the follpwaditional constraint:
Lo (e<”+1>) > Lo (e)(")) if ") ¢ T (63)

i.e. by ensuring a strict increase b§ (#) as long a®™ is not a fixed point. In this section, we propose
a modification of (44) which ensures (63) to be satisfied at e@cation. The idea is to combine a result
from the EM-algorithm theory with the proposed iterative ggdure. Indeed, it is a well-known result

(see e.g. [12]) that
Qo.0/(0,0M) > Qg o (0™, 0™) = Lo () > Le(0™).
Therefore, defining
T = {0 Qoo (0,0™) > Qo0 (6™,0)} (64)
we have that the following procedure is ensured to converge:
ot = arg Jnax G3o(0,0M). (65)

In the sequel, we will refer to the algorithm defined in (65)fes ¢ontrained IPLFM (CIPLFM) algorithm.
In fact, the CIPLM algorithm can be understood as a particuEM@lgorithm (see Appendix Ill) since at
each iteration, it satisfie@e o/ (0", 0() > Qg o (4™, 0™). As we will see in the next example, the

algorithm (65) can however exhibit a much faster speed ofemence then the standard EM algorithm.
Example: Let’s consider the following model
Y =X+ W, (66)

whereW is a zero-mean white Gaussian noise. This problem corresjgotig estimation of the carrier

phase offset in a digital communication system.

Let

Ojcas'! = arg max Qo.er (0,01, (67)
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and
Apy = 60D — gl (68)

It is easy to show that for the particular case of (6@)97@/(0,0%4) iS symmetric arounwgﬂl) and

therefore
T =616\ +2 Ayl (69)

In Fig. 3, we have illustrated the mean speed of convergentieeoEM algorithm and (44), (65), i.e., it
represents?y ||0() — A4 p|| versus the number of iterations . We have considered thewfisly setup.
We assume that the variablg, is a quaternary Phase-Shift Keying (QPSK) symbol, Xg.€ {£1+j}
resulting from the convolutional encoding of uniformaligtdibuted information bits (This simply

characterizes the a priori distributigrk (x)).

The (mean) speed of convergence of the EM, IPLFM and CIPLFM algoritemspresented in Fig.
(3). In this example, we see that the IPLFM algorithm enable®#ilg increase the speed of convergence
of the algorithm: one needs 10 EM iterations to achieve anracyuof 10~% whereas only 3 IPLFM
iterations are sufficient. Note also the good performancenefGIPLFM algorithm. Its performance is
very close to the one of the IPLFM algorithm. In fact, during thstfiteration, one can notice that its
speed of convergence is twice the speed of convergence @&Nhalgorithm. In this region, the IPLM
algorithm is slightly faster than the CIPLFM. After a few itécais, whend(™ is in a neighborhood of
0*, the speed of convergence of the IPLFM and CIPLFM algorithms ariasirthe two curves are then

parallel.
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E [16™()-07]

[l —e— IPLFM

CIPLFM ................................................................
Il

10 :
0 1 2 3 4 5 6 7 8 9 10
Number of iterations

Fig. 3. (Mean) speed of convergence of the EM, IPLFM and CIPLFM aigors in for carrier phase estimation.
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APPENDIX |

FACTOR-GRAPH REPRESENTATION AND BELIEFPROPAGATION ALGORITHM

Let fx(x) be a function ofX = [X;, Xo, -+, Xn]. ASsumefx (x) factorizes as
M
fx(x) =] ¥x.., xv), (70)
a=1

whereV, C {1,2,..., N}. The factor graph (FG) associated to (70) is a graphical reptagon of the
factorization of fx (x) as]_[fl‘il Ux, (xy,) and is defined as follows. The FG contains daetor node
for each factor¥x, (xy,) (we have thereforel/ factor nodes in the FG) and onariable nodefor

each element ok (hence, there aréV variable nodes in the FG). We draw adgebetween a factor

nodeVx, (xy,) and a variable node; if and only ifi € V,,. We give an example of factor graph in Fig. 4.

The belief propagation (BP) algorithm is an algorithm whictpleas on FG’s and whose primary
purpose is the evaluation of the marginals of the functicat the FG represents (i.8., . y., fx(x),
Y x;). The BP algorithm works as follows. For each edge in the gragtomputes two vectors of values,
also calledmessagesLet m, ,; and m; ., denote the two vectors of messages computed by the BP
algorithm on the edge connectingg, (xy,) andx;. Each vector contains exactly;| elements and we
will refer to the elements ofn,_.; (resp.m;_.,) asm,_.;(x;) (resp.m;_,(z;)) for z; € &;. The BP

algorithm computes these elements as follows:

mi—>a($i> - H my (‘ri)7 (71)
a’€P;\{a}

ma—n’(fci) = Z \I/XVu (XVQ) H mj—>a(xj)7 (72)
Mt JEVALi}

whereP; C {1,2,...,M} is such that € P, & i € V, (i.e. P; defines the set of factor nodes to which
variable noder; is connected in the FG). Equations (71) and (72) define the $edcalessage-update
rules of the BP algorithm. We see from these update rulesttigatnessages on a particular edge only
depend on the messages on #ugacentedges.

We can consider two different cases:

1) The FG of fx(x) is cycle-free:In this case, it has been shown in [3] that the marginalgxdfx)

can be computed as follows:

> xx) =[] mai(z:) (73)

xEXTi acP;
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2) The FG of f(x) contains cycles:In this case][,.p, m.—;(z;) is only an approximation of the
exact marginal$ |, ., fx(x). Moreover, applying update rules (71)-(72) on the FG leadanto
iterative algorithm. A nice characterization of the fixed rgeiof the BP algorithm has recently

been proposed by Yedidia [9] in terms of stationary pointshef Bethe free energy.

We now prove the following result that we will use in the paper

Result: Let
2 3 ] meste) @
T, €EX; a€EP;
é Z \I’XV © XV N H mlﬂa fL’l (75)
Xy, €EXv, 1€V,
then
7&(0) =v5(0)  for1<a< M andl <i<N. (76)

Note: v&(#) is actually equal to the sum of all the messages enteringrfawidea times the factor

itself.

Proof: Using the BP message propagation rule (71), we can rewjjtas

'7%9 = Z ma’—n‘(xi) H ma/—n'(xi)a (77)

z, €X; a’eP\{a}
= Z mg i (2)myq (), (78)

T, €X;
Similarly, using (72) we can rewrite (75) as
76 = Z m;_,(x;) Z Ux, o(xv,,0 H m;_q(z;), (79)
Ti€X; Xv, €AV jeVa\li}

= Z ma—n'(xi)mi—»a(xi)a (80)

We see therefore from (78)-(80) that for a giveny,(0) = 74 (0) Va € P;. Since this result is valid for

any i, we can conclude (76).
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@ @ @

Ux, x,(%X1,X2) Ux,x,(X2,%3) W¥x,(X3)

Fig. 4. FG representation ofx (x) = ¥x, x,(x1,x%2) ¥x, x, (x2,x3)¥x, (x3).
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APPENDIXII

VARIATIONAL FORMULATIONS OF THELF AS FREEENERGY MAXIMIZATION PROBLEMS

The term “variational” usually refers to techniques whichpmss a quantity or a function as the
solution of an optimization problem. In this section, welwihow that the LF can be expressed as the
solution of different constrained optimization problenihe objective function of these optimization
problems is usually referred to &see energy” by reference to the statistical physics literature where

they first appeared.

A. The LF as the maximum of the Gibbs free energy of the system

Definition: the Gibbs free energwssociated with probabilityy x o(y,x, #) is defined as follows:

Fo ) (0.b(x)) = = > b(x)logpy x.0(y.x,0) + Y _ b(x)logb(x), (81)
xeX xEX

whereb(x) is a trial probability ofX.

Result: for any 6, we have

logpe vy (0,y) = be(l)lcf)l Fo,B(x)(0,b(x)) (82)
subjectto » b(x) —1=0, b(x) >0 VxeAX,
xeEX
= — Fo ) (0, pxv,0(X]y,0)). (83)

In other words, for any, the minimum of the Gibbs free energy with respecbtg) is the LF.

Proof: In order to show (82), it is convenient to rewriliez pe v (6,y) as

IOg p@,Y(97 Y) = 1ng@,\f,x (07 Y, X) - IOg pX|Y,®(X|y7 9)3 (84)
= b(x)logpeyx(0,y,x) = Y _b(x)log pxy,e(xly,0), (85)

where (85) follows from the fact that the left-hand side dnesdepend orx. Using this expression, it
is then easy to rewrite the Gibbs free energy as follows
b(x)

F(6,b(x)) = —logpy e(y,0) + Y b(x) logm'

xeX

(86)
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Since, from the constraints in (82)x) is a probability mass function, the second term in (86) iimaf
else but the Kullback-Leibler distance betweg®r) andpx |y e(x|y,?). Therefore, we have

F(0,b(x)) = — long,e(% 0) + Dkr, (b(x)apX|Y,6(X|Y7 9)) ) (87)

—logpy.e(y,b), (88)

where the last line follows from the non-negativity of thell§ack-Leibler distance. SincBx . (f,g) =0

iff f=g,we get (82). O

B. The LF as the minimum of the Bethe free energy of the system

In the previous section, we showed that the LF can be rewrdgethe solution of an optimization
problem where the goal function is the Gibbs free energy efdyistem. In this section, we will show
that in some cases, the LF can also be rewritten as the soloftian optimization problem involving a

different goal function: thdBethe free energy of the system

Definition: The Bethe free energgssociated to a particular factorization®f x v (0, x,y), say

p@XY 9 X Y H \IIXV , XVa7 )7 (89)
where {Xy, }M, denotesM subsets of elements &, is given by
Go,B, (xv,),B:(x:) (05 ba(xV, ), Z Z ba(xv,) log¥x, e(xv,,0)

a=1xy, Xy,

M
+> > balxy,) logba(xy,)

a=1xvy, EXVa

(d; — 1) Z > bi(x;) logbi(xi). (90)

i=1 x,EX;

d; is the number of occurrences & in the Xy.’s and N is the number of elements &. b,(xy,)

(resp.b;(z;)) is a trial probability mass function &Ky, (resp.X;).
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Result: The LF can be characterized as

logpe vy (0,y) = " (xmi)fzv(x’_)G@,Ba(xva),Bi(mi) (0, ba(xv,), bi(zi)) (91)
subject to
) > balxy)—1=0, for 1 <a < M,
Xy, EXv,
2) by(xy,) >0, forl <a< M,
3 D bilw)—1=0, for 1 <i <N,
T, €X;
4) bz(xl)zo fOflSiSN,
5) ) ba(xv,) —bi(z) =0 for1<a<M, VieV,, Va; € &
XVGEX‘:Z'

if and only if the FG representation of (6) is cycle free.

Proof: By the Hammersley-Clifford theorerf13], we have that, if the FG representation of (6) is cycle
free then we must have

12, px., (v,0 (xv, [y, 0)
N ) —
Hizl p%\%@(%‘% 0)

pX\Y,@(Xb’v 6) = ) (92)

and vice-versa.

Now, we showed in section Il that the optimal valuebgk) in the Gibbs-based formulation of the LF
(83) isb(x) = px|v,e(X|y, éMAp). Therefore, (92) suggests that we can restrict our attemtioheliefs
b(x) having the following mathematical structure:

M
bx) = m (93)
whereb, (xy, ) andb,(x;) must be constrained to be probability mass functions, i.e.

> balxy,) = 1=0, ba(xy,) 20  1<a<M, (94)
Xv, EXv,
> bi(z) —1=0, bi(z;) >0 1<i<N, (95)
T;€EX;

and must beconsisten?, i.e.,

> balxy,) = bi(z) =0, 1<a<M, Vi€V, Vi € X, (96)

o
Xv, EXVl

Ointuitively, (96) imposes that if we take the marginaligf(xy;, ) with respect toX; = x;, we must recoveb; (z;).
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where X{ﬁ: denotes the set of possible valuesdf when X; = z;. It is therefore clear that adding

the constraint (83) together with (94), (95), (96) to op#ation problem (82) leads to an equivalent
optimization problem. Another equivalent optimizatiorolplem can be found by plugging (93) in (83).
Doing so, we obtain the following objective function:

M
ba(
F@,B(x) (9,b(x) = 1_[]$1bd_1(> Z Z HN bd _1 ) log \I’XV 0 (XVG,H)

Hzlz a=1xecX i=1" (l)

- Z Z ba(xv,) log ba(xv,)

a=1xy, GXVa

(d; — 1) Z > bili) log bi(w;). (97)

=1 z;€X;
Since,

> ll[_[Nlbd = >) bar (xv,,), (98)
xeX™Var L1 ¢ Li

where ¥*v.» denotes the set of possible values®fwhenXy , = xy,,we finally have

[Tas; ba(xv,)

F@,B(x) (976()() - HN bd _1( )
i=1"4 Li

) = Go B, (xv,),Bi(z,) (0, ba(xv,), bi(;)) - (99)
U

Result [9]: the beliefsb)(xy, ) andb}(z;) maximizing the Bethe free energy (91) may be expressed as

bz(XVa) = WJI\IJXVG, XV 7 H ml*?a 332 (100)
€V,
b (z;) = 1 H my_i(z;). (101)
a€P;
where
Z \IJXV RS XV 7 H mz—>a 372 (102)
Xv, GXV{, 1€V,
Vi = Z H maai($i)a (103)
T, €X; aceP;
mio(x) =[] mawi), (104)
a’€P;\{a}
me_i(zi) = > Ux, exv,0) [[ mja(z). (105)
e JEVAL)

Proof: see [9].

Discussion:(100) to (105) definmecessargonditions onb,(x,) andb;(x;) to maximize the Bethe free
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energy. In particular, Yedidi@t al. showed that any,(xy,) and b;(x;) satisfying (100) to (105) are
stationary points (maximum, minimum or saddle point) of teastrainet! Bethe free energy, and vice
versa. Therefore, (100) to (105) also defaugficientconditions of optimality when the Bethe free energy
is a convex function ob,(xy,) and b;(x;) (since the Bethe free energy has then only one stationary
point). This is for example the case when the FG associatecet®@dhe free energy is cycle free (see
[14] and references therein for a discussion about conv@fithe Bethe free energy).

Let us now have a look at variableg, ~;, m;_.,(z;), m,—;(x;) defined in (102)-(105). First, notice
that b, (xy,) and b;(x;) are univoquelydefined by these variables via (100)-(101). Moreover, no&t th
equations (104)-(105), relating variables,_.,(x;) and m,_,;(x;), are strictly equivalent to the BP-
algorithm "message-update rules” defined in (71)-(72). This &s an important consequence that the BP
algorithm can be used to compute the solution of (91). Indeéidr convergence the messages on the
edges of the FG must satisfy (104)-(105). Therefore, the fisdligxy, ) andb;(z;) computed according
to (104)-(105) and using BP messages are ensured to benstgtiooints of the Bethe free energy. Hence,

as long as long one considers a convex Bethe free energy, iaegsolution of (91).

Result: The derivative with respect t® of the minimum of the Bethe free energy can be expressed as

M
VoGo,B,(xv. )5 () (0, Vs (xv,), b (1)) = = > bil(xv,) Vo log Ux,, o(xy,,0). (106)

a=1 Xv,

Proof: By the derivation chainrule , we have
VoGo,B,(xv,),Bi(z:) (055 (xv,), b (2))

M
== bi(xv,) Volog Ux, o(xy,.0)

a=1 Xy,

M
> (V@bZ(Xva) log ¥x,, e(xv,,0) — Veb;(xvy,)logb;(xv,) — VebZ(Xva)>

a=1 Xv,

N
=~ 1) > (Vebi (@) log b (i) — Vebi (x:) ). (107)
=1

Xq

We will now show that all the terms in (107) but the first one edrmt. Using the definitions (100)-(101)

"Notice that the beliefs defined by (100)-(105) necessarily satisfy theti@ints in (91).
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of b;(xy,) and b} (x;), we have
VoGo B, (xy,),Bi(x:) (0, a(xv,), b7 (z:))

S Z > bi(xvy,) Velog Ux,, e(xv,,0)

a=1 Xy,
M
— Z( ZV@b xy, ) log H m;_q(x;) + (logy, — 1) ZV@() Xy, ))
= Xv, i€V, Xv,

- Z di — 1 (Z Vebi (i) log [ mai(zi) — (1 - log) ZV@b :cl)) (108)

ach;
Taking into account tha}}, ~ Vebj(xy,) =0and) Veb;(z;) =0, we have

VoGo,B,(xv,),Bi(z:) (055 (xv,), b (x))

M M
==Y > bi(xv,) VologUx,, e(xv,,0) + Y > Vebi(xv,) log [ | mi—a(z:)

a=1 Xy, a=1 Xy, eV,

— d; — 1 Veob;(z;)log mg ;i (x;). (109)
Z Z I1

a€P;
Let us finally show that the second term in (109) is equal to miheasthird one. First note that, by

definition of b7 (xv,) and b} (z;), we have)_, exsi by (xv,) = bf(z;) and therefore

Z Z Vb (xv,) log H m;_q(z;) Z Z ZV@I) x;) logm;_q(z;). (110)

a=1 Xy, i€V, a=11i€V, x;
Note that>" > iy, Is equal o>, > acp, @nd is equivalent to counting all the edges in the FG.
Moreover, taking into account thah, ., (z;) = Ha,epi\a m, _;(x;), we can see that each message

ma/_,i(xi) is counted exactlyl; — 1 times. Therefore, we get

ZZ Z Zv@b xz 1Ogmaﬂz xz ZZ Z ZVGb xz logmaﬂz(l‘z)

a=1li€V, a’€P;\a i i= 1a€Pa6P\a T;
—Z > (di—1) ZV@b zi)logmg_;(z;). (111)
1=1 a€P;

O
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APPENDIXIII

THE EXPECTATION-MAXIMIZATION ALGORITHM
A. Classical Formulation of the EM Algorithm

The expectation-maximization (EM) algorithm, first defined bynipster, Laird and Rubin in 1977
[1], is an powerful iterative method for solving MAP (or ML) gislems. This algorithm proceeds in two

steps: the expectation step (E-step) and the maximizatep (84-step). At iterationn + 1) we have
E—step: Qoo (0,0) = /pZ|Y,G)’ (zly,0") logpzy.e (z,y,0) dz (112)
M —step: 6D = arg max Qo0 (0, é(")) (113)

wherez is the so-callecomplete data sednd is related tyy by y = f(z), where f(-) denotes a many-
to-one mappinty.
Note: The EM algorithm can be seen as a particular case of a more ¢éeeative procedure defined
as:
Qo,0/(0,0") = / pziy e (2ly. 0")) logpzy o (2,y.6) dz (114)
0"+1 such thatQe e (0D, 0() > Qg o/ (8™, (™), (115)
i.e. instead of maximizing th@-function, it is sufficient to find a valué"+1) which increases it. The
procedure defined by (114)-(115) is usually referredeaeralized EM (GEM) algorithnirhe GEM has

basically the same properties as the EM algorithm: it nevacaases the LF and its fixed points must

be stationnary points of the LF [12].

B. The EM Algorithm as a Gibbs Free Energy Maximization Procedure

Result [15]: if the complete data set is defined a5 [y, x|, the EM algorithm is equivalent to the

following sequence of conditional maximizations:

b (x) = arg tax —Fo prx) (0™, b(x)) subject toy_, b(x) = 1, (116)
01V = argmax —Fe px) (0,6 (x)), (117)

2This means that there is only ogeassociated to a given but that there may be several valueszadssociated to the same
value ofy. In practice, the choice of "good” complete data set is left to the user.choice of the complete data set impacts
the speed of convergence and the complexity of the EM algorithm. An gheaai complete data that we will be considering

in the sequel iz = [y, x].
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Proof: First, maximizing —Fg p(x)(0,b(x)) with respect toB(x) for © = 0" leads tob(x) =
pxiv.0(xly,0™) (see Appendix II). On the other hand, maximizifig, p(x) (¢, b(
for B(x) = b(™(x) leads to

x)) with respect to®

6D = argmax —Fo, g (0, 0" (x), (118)
= argmax » 0" (x)logpyxe(y.x,0) — Y b (x)logb™ (x), (119)
0 xeX xeX
=argmax Y _ b (x)logpy x.0(y,%.0), (120)
xeX

where the last equality follows from the fact that the sect@moh in (119) does not depend énTherefore,

pluggingb™ (x) = pxy o (x|y.0) in (120), we have

00D = argmax Y pxjy.e(xly. 0") log py x 0 (v, x.6). (121)
xeX
It is easy to show that we end up to the same recursive equstaoting from the standard EM equations
(112)-(113) and setting = [y, x]. O

C. The extended EM algorithm as a Bethe free energy maximizpiamedure

Result : if the complete data set is defined 2$ [y, x| and the FG associated to (89) is cycle free,

the EM algorithm is equivalent to the following procedure:

(ban) (xv,), bz(n) (z;)) = arg 0 (xmag(m)) _GG,Ba(xa),Bi(xi)(é(n)a ba(xv,), bi(zi)) (122)
subject to
) > balxy,)—1=0, for 1 <a < M,
Xy, EXv,
2) bu(xy,) >0, forl<a< M,
3) ) bi(zi)—1=0, for 1 <i <N,
4) bl(x,)Z() fOI’lSiSN,
5) Y balxy,) —bi(z) =0 forl<a<M, Vi€V, Va € X
XVQEX\Z:
60 = argmax —Go g, (x,), 5,60 (0: B (x0,). 0" (1), (123)
= arg maxz Z b (xy,,) log Ux,, o(xv,,0). (124)
a=1 X,
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Details : On the one hand, ibx v.e(x,y,0) = [[X, ¥x, o(xy,,0), we have from (121) that the
O-function appearing in the EM algorithm definition can be réen as

Qo6 (0,0 Zszw@ x|y, 0™) log Ux,, o(xv,,0),

a=1 x

= Z > pxy ve(xvly, 07) log Ux, o(xy,,0). (125)

a=1 Xy,

On the other hand, we showed in Appendix II-B that, if the FG oeisged to
rxye(xy,0) = H,]z‘il‘l’xva,@(xvaﬁ) is cycle-free, the beIiefsb,(Z”)(xVa) maximizing

_G67Ba(xVu)7Bi,(l‘i) (Q(n), ba(xv, ), bz($l)) are equal to

b (xv,) = Px,, [Y.0(xXv.]Yy, o). (126)
Therefore, plugging (126) in (124) we get (125). This proves risult. 0

Note: Although the procedure described in (122)-(124) is eqeivato the EM algorithm only if the FG

is cycle free, we can consider (122)-(124) for any kind of F&= e.g. [16], [8], [17]. If the FG has

cycles, then (122)-(124) can be understood as an iteraliy@ithm enabling to look for the maximum

of® Go p, (xv,),B:(xs) (05 5(xv,), bf (). In this paper, we will therefore refer to the procedure define
in (122)-(124) asextended EM algorithm

D. Another formulation of the extended EM algorithm

Let  be a covering set of regions (see section IV) of the FG assutiti px v o(x,y,0) =

Hﬁil Ux, e(xv,,0). Then, the following procedure is equivalent to the extenBbtialgorithm:

o+ = arg max Q%@,(Q, o) (127)
where
Qe (0,0) =Y "> bxpe(xr,0) logUx, 6(xr,0), (128)
REQ xR

Ux. o (xr,0)Px, 0 (xr,0")

bx.. o (xR, 0') = : 129

Xz 0 (X0 Y oxn Uxp,0 (xR, 0)Px 0 (xR, 0) (129)

Uxpo(xr,0) 2 ] Ux.. 0v,.0), (130)
CLEPR

Oxpo(xr,0) 2 [ JI mailzi.0). (131)

i€Vl aeP;\ Py

13as showed in Appendix 1-B~Ge, B, (xv,),Bi(x:) (0, ba(xv, ), bi (i) is equal tolog py,e(y,¢) when the FG is cycle
free.

October6t, 2007 DRAFT



33

Proof: This follows from the fact that in aycle-freeregion of FG, we have

Ux 0 (xR, 0) Px 0 (XR, 0)
b R R 132
Z X 1,0 XR, Z Z \IIXR o (X’Ra 9/)(I)XR o (XR, 0’) ( )

X‘RGX *Va XT\{GXXV(
- ‘IJXV 0’ XV ,0 H mza 33179/ (133)
eV,
= b} (Xa, '), (134)

where b} (x,,0") is the belief maximizing the Bethe free energy when the vaii® in all the factor

nodes¥x, eo(xy,,0) is set tof'. O

Result: Based on the definition ofg ¢, (6,¢'), we have

VoQ3.e(0.0) =Y bxee(xr,0) Velog Ux, o(xr,0), (135)
REQ Xr
V$Q38.e/(0,0) =D > bxee(xr,0) Ve log Ux, o(xr,0), (136)
REQ Xr
VQ e’ Q@ @/ 9 9/ Z (Z bXR e’ XR, V@ log \I/XR (XR, 0) V@/ log \I’XR,@’ (X'R, 9/)
ReQ

- beR o (xr,0')Velog ¥x, o(xr,0 beR o (xR, 0") Ve log Ux . e (xR, 0/ ))

+ > (Z bx .0 (X7, 0) Ve log Ux,, o(xr,0) Ver log &x ., o (xR, ')
R

_ Z bXR X'R, VQ log \I/XR X'R, Z bXR X’R, V@/ log (I)XR (X’R, 0’)) .

(137)
Proof: We skip the proof. (The derivation of (135)-(137) is very danito (28), (37) and (38).)

Let us now express some properties of the EM algorithm with rilis region-based formulation:
Property 1:

VoQ5.e(0,0) = —VeGos,xv,) B () (0: Va(xv.), b (2:)) . (138)
As a direct consequence, the fixed points of the extended EMrithigo are stationary points of
Go,B, (xv,),Bi(x,) (05 05 (xv, ), 07 (2:)).
Property 2:

~VéGo s, (xv,),Bi(w:) (0, b5(xv,,), 07 (21)) = V®Q@ o (0,0') +V@7@/Q87@,(9,9’) (139)
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Property 3: If the FG is cycle free, we have
Vo,0098.6(0s,05) = 0 (140)

Proof (to do: extend to the cylic case)SinceQ%@,(G, ¢') and Qg o/ (0, ¢) in (112) are equivalent, we

can simply show that
Ve,e Qe (0,0') = 0. (141)
Using the definition ofQg o/ (6,6’) and the Bayes rule, we have
Ve,e Qoo (6,6) Z/VG/Pzw,ef(Zb’a@')V@ logpz v e (2,y,0)dz, (142)
— [ b2 aly. ) Vo logzy ey, 6)
x (Ve logpzjy.e (zly.0) + Ve logpy.e (v, 0))dzv (143)

=Velogpy,e (y,9) / Vepzy.e(zly,0)dz

2
+/pZ|Y,®/(ZYa0) (Verlogpziy e (zly,0))” dz (144)
Since the first term is always equal to zero, we finally have
Voo Qoo (0,0) Z/pzw,@ (zly,0) (Verlogpziy e (zly, 0)) dz = 0. (145)
O
APPENDIX IV

LOCAL SPEED OF CONVERGENCE OF ALGORITHMS BASED ON ITERATIVE MXIMIZATION

In this appendix, we give a general expression of the locakedpof convergence of algorithms

computing a new valué"*+1) of the parameters by maximizing a functichy o (6, 6™), i.e.
o+ — arg max Ge,e (0, o). (146)
Let ¢ be a fixed point of (146). We define thate of convergenc® of the algorithm as
("D — ) =R (0™ —6;)  whend™ is in a neighborhood of;. (147)

Result [18]: The rate of convergence of (146) in a neighborhood of a fixedt@gimay be characterized

as follows

R=—(ViGee(d.07) " VeeGee(dy, b)) (148)
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Proof: ExpandingVeGe e (6, 6') around(fy,0¢), we have

VoGee (0,0) = VeGoe (0r,0r) + VeGoe (05,07)(0 —05) + Voo Goe (05,07) (0 —0y).

(149)
EvaluatingVeGe o (6, 0') at (01 9(™) and taking into account that
VoGo.e (0D M) =0, (150)
VeoGe,e (0f,0f) =0, (151)
we get
~V&Ge e (05, 07)(0") — 6f) = Ve oGe e (05, 07) (0™ — 6y). (152)
If V4Go.e(0f,0y) is not singular, we therefore have (147). O
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