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Abstract—This paper compares several iterative
channel-and-noise estimation algorithms for a turbo
equalizer. Bit-interleaved coded multilevel modulation is
considered. The fractionally-spaced equalizer is based on
the minimum mean square error (MMSE) criterion.

The effectiveness of a new iterative MMSE-based
channel estimation algorithm is shown. Various new
or known estimators derived from the expectation-
maximization (EM) algorithms are also investigated. All
those channel estimators can use either soft or hard sym-
bol estimates fed back by the outer decoder. Simulation
results show the gain brought by the refinement of the
channel estimates thanks to the iterative process. These
results also enable to compare the performance of the
various estimators.

I. INTRODUCTION

In a coded system, turbo or iterative equalization
has shown its powerfulness to jointly equalize the
channel and decode the bits over frequency-selective
channels [1]. In order to work properly, the equalizer
needs to be fed with estimates of the channel taps
and of the noise variance. The customary methods to
obtain those values were either data-aided or decision-
directed techniques [2]. However, the performance of
turbo equalizers is very sensitive to channel-estimation
errors. In order to improve the channel state informa-
tion (CSI) quality, several papers have already been
devoted to an iterative refinement of the channel-
parameter estimates, e.g. [3]-[12]. Optimally, channel
estimation, equalization and decoding should be jointly
performed but this usually leads to a receiver with
an intractable complexity. Performing those tasks it-
eratively can be seen as a suboptimal way of jointly
achieving those operations.

Several algorithms can be considered to refine the
CSI through the iterations. There are the classical hard-
decision-directed methods which benefit in this case
from the better decision reliability through the itera-
tions. There are also new soft-decision-directed vari-
ants of known techniques such as the least-square (LS)
or the Kalman estimators [10]. An attractive choice
is the expectation-maximization (EM) algorithm [13]
which provides a theoretical framework to make sure
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of the system convergence. The EM algorithm has
already been considered in several papers [4]-[8], [12]
to estimate the channel parameters. In these papers, the
unknown transmitted symbols are the nuisance param-
eters which prevent an easy channel estimation. The
EM algorithm enables to iteratively refine the channel
estimates thanks to symbol a posteriori probabilities.
Note that another application of the EM algorithm can
be considered to deal with the joint equalization and
channel estimation [3], [9]. Since the final goal of the
receiver is a low BER, this algorithm can be used to
directly estimate the symbols. In this latter case, the
channel parameters are the nuisance parameters and
the symbol decisions are iteratively refined, computing
a posteriori probabilities on the channel taps. Unfortu-
nately, it usually leads to intractable solutions when the
channel-impulse-response length is large and/or when
the modulation constellation size is high.

In this paper, we investigate a communications
system based on bit-interleaved coded modulation
(BICM) [14]. The channel is frequency-selective and
quasi-static, i.e. the channel taps remain constant over
one burst length. The turbo receiver is made up of
three main parts. First, the channel estimator: several
algorithms are considered for this block. Secondly, the
equalizer/demodulator which is based on the minimum
mean square error (MMSE) criterion [15]. Thirdly, the
classical soft-in soft-out (SISO) BCJR [16] decoder.
With appropriate interleaving/deinterleaving, the chan-
nel estimator, the equalizer/demodulator and the de-
coder exchange soft information about the coded bits
and hard information about the channel taps and the
noise variance.

There are several contributions in this paper. The
first new channel estimator is based on the MMSE cri-
terion. The second one is based on a simplification of
the EM algorithm called the expectation-conditional-
maximization (ECM) algorithm. We also justify the
unbiased EM-based channel estimator, which has been
proposed in [12]. Furthermore, the bias of the noise
variance estimate is calculated. Note that most of
the considered channel estimators are fed with soft
symbol information but they can also be fed with
hard decisions taken on the bits at the decoder out-
put. Eventually, the performance of the new channel-
estimation algorithms are compared with those of
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known estimators.

The rest of this paper is organized as follows. In
section II, the transmitter, the channel model and
the receiver are described. In section III, the chan-
nel estimators are derived. The simulation results are
presented in section IV and the conclusion is given in
section V.

II. SYSTEM MODEL

The transmitter scheme is depicted in Fig. 1. Bit-
interleaved coded modulation (BICM) is used. The
information bits u, are organized in frames. A frame is
encoded by a convolutional encoder, then interleaved
by a random permutation. The interleaved bits z.
are grouped and mapped to one of the M possible
complex symbols in the considered multilevel/phase
constellation. The symbols are zero mean and have
variance o2. The resulting length-L, frame of complex
symbols si (k = 1,..., L) is transmitted over the
channel (the symbol sy is sent at time k7', where T
is the symbol period.)

The channel is assumed to be quasi-static, i.e. the
channel remains static over one burst length and may
vary from one burst to the other. The lowpass equiv-
alent channel impulse response (including the pulse-
shaping filter) is denoted by h(t). We assume h(t) can
be truncated without loss of accuracy. We only keep its
values from time —L,7 to LoT and L £ L1+ Lo +1
is called the channel length. r(t) denotes the received
signal and n(t) is the complex envelope of the additive
white gaussian noise with two-sided power spectral
density (psd) No/2.

We use fractional sampling at the receiver. Samples
are taken at a rate M, /T after low-pass filtering. For
l=1—Ly,...,Ls+ Ly and m = 0,..., My — 1,
the received samples 7., = r(IT + mT/M;) are
sufficient statistics for symbol detection and channel
estimation. We also define the channel taps Ay p, £
R('T + mT/My) for I! = —Lj,...,Ly and the
noise samples 7y, = n(IT + mT/My). The channel
equation is thus:

Lo

Tim = g hir m S1—1r + Nim.- (1)
r=—_r,

A compact representation may be obtained by stack-
ing up the samples. For the channel-estimation pur-
pose, we only use the received samples for [ = 1 +
Lo,...,Ly — Ly. The vectors of the m™ polyphase
component of the received samples and of the noise
samples are respectively r,,:

A T
T = [M4Lom T24Lom - TLo—Lim](1, x1): (@)

where L, = L;+1— L and n,,:

A T
Ny = (M4 Lom N2t Lo - - ”Ls—Lhm](Lrﬂy 3)

The same way, the vector of the m™ polyphase com-
ponent of the channel impulse response is denoted by

h, -

m

h

h,, =

h_L1,m s th,m}{Lxl)' @

The transmitted symbols are placed in a matrix S:

SL SL—1 T S1
SL+1 SL T S2
§ =
- Sk—Lo Sk+1—Lo Sk+L,
L SLS sLsfl SL5+17L i (L,,.XL)
The observation model then becomes:
E’"L = §h7n + Q’"L' (6)

The presence of an interleaver between the convolu-
tional encoder and the channel input makes it possible
to use a turbo or iterative receiver. Without taking into
account the channel estimator, the iterative receiver
is made up of two main parts. As represented in
Fig. 2, the equalizer/demodulator and the decoder are
separated by bit (de)interleavers and they exchange
soft extrinsic information under the form of bit log-
likelihood ratio’s (LLR’s).

The equalizer/demodulator, the inner SISO stage,
has to mitigate intersymbol interference (ISI) and
to properly demodulate the symbols. Because of its
low complexity, we use the MMSE-based equalizer
described in [17]. This equalizer is fractionally spaced,
which avoids the cascade of global matched filter
and noise whitening filter. Its design relies on an
approximation [15] of the optimal MMSE receiver
[18]. On the basis of the received samples, of the
channel parameter estimates and of the symbol a priori
probabilities P,(sx) (k = 1,...,Ls), the equalizer
outputs symbol extrinsic probabilities. Then the de-
modulator computes the bit extrinsic LLR’s. Accord-
ing to the turbo principle, the inner SISO module
exchanges soft extrinsic information with the outer
SISO decoder which is implemented by means of the
BCJR algorithm [16].

III. CHANNEL ESTIMATION

The MMSE-based equalizer needs to be fed with
estimates of the channel-tap values and of the noise
variance. We do not focus here on an adaptative
channel estimation algorithm. The channel remains
static over the burst length but it can change a lot
from one burst to the other; for instance, the following
burst is sent over a different frequency. Hence, there
is a need for channel acquisition at each burst.

A. ML-Based Estimators

A classical way of doing that is to use a training
sequence. Since the channel taps are assumed constant
over the burst duration and the pilot symbols are
known, it is very easy to perform the channel estima-
tion according to the maximum-likelihood criterion. If
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ip contains the transmitted training sequence and ﬁm

is the estimate vector of the m'™ polyphase component
of the channel impulse response, we get:

(§HSP) 1 éf Lm

Note that (7) also corresponds to the least-square esti-
mate of the channel. Finally, it is worth noticing that
(7) is the efficient estimator of the channel taps, i.e.
this estimator is unbiased and its variance is minimal.

The pilot symbols can be chosen so that the matrix
éf ép is diagonal [8]. The inversion of this matrix
is then very easy. Furthermore, the optimal training
sequence consists of such pilots symbols. For more
details about the training sequence generation, the
readers can refer to [8].

The noise variance can simply be evaluated by
measuring the variance of the difference between the
received signal r,,, and the estimated useful part of it
S by,

)

T'm _éphm)H (Em _éphm)‘ (8)
This equation is the ML estimate of the noise variance
when the noise variance and the channel taps are
jointly estimated. This joint estimation leads to a bias
of the noise-variance estimate. This is due to the bias
which appears when one try to jointly estimate the
mean and the variance of a random variable. More
details about this can be found in the appendix.

The performance of turbo equalizers is very sensi-
tive to channel-estimation errors. The data-aided (DA)
ML estimation, i.e. the estimation from the training se-
quence, provides an initial estimate of the channel pa-
rameters but it is not reliable enough for the equalizer.

Y

outer SISO stage

Receiver scheme

Of course, many pilot symbols can be sent to improve
the estimation quality but it implies a huge waste of
bandwidth and of power to send those symbols. Rather
than that expensive solution, the estimation process
can iteratively exploit the information embedded in the
whole frame. The simplest idea is a decision-directed
(DD) estimator, as in [2]. The equations for that DD
estimator are identical to (7):

o ~H~\"1 -
h,=(8"8) §"r, ©)
and (8):
Ms—1 1
- e o e
On — Mer (Em éﬁm) (im éﬁm) (10)

but the pilot-symbol matrix S is replaced by S S, which
is filled with the hard decisions on the symbols Those
decisions are computed on the basis of the LLR’s at
the output of the outer decoder. As shown in Fig. 2,
the channel and noise-variance estimator supplies an
initial CSI to the equalizer. With appropriate interleav-
ing/deinterleaving, the equalizer/demodulator and the
decoder exchange soft information about the coded
bits. The channel estimator is fed with the symbol
hard decisions built from the decoder output and it
can deliver a novel refined CSI to the equalizer.

B. EM-Based Estimators

The iterative DD method is one way to provide
a better channel estimate but its convergence is not
assured and it is not the theoretical optimal algorithm.
As shown in (7) and (8), it is very easy to compute
the ML channel estimate if the transmitted symbols
are known. However, when the symbols are unknown,
the ML function exploiting the code is much more
complicated to compute.



The expectation-maximization (EM) algorithm [13]
enables to iteratively solve this problem. The EM is
usually used to estimate the channel taps only. Here
we derive it for the joint estimation of the channel taps
and of the noise variance. Let us define the vector of
parameters to be estimated B3, which contains the noise
variance o2 and the channel taps h,,. Using the EM
formalism, the received samples -, (m =0, ..., M,—
1) form the incomplete data set R, a set from which
it is difficult to calculate the ML estimate 5. Both the
received samples and the transmitted symbols S form
the complete data set Z, a set from which it is easy
to calculate the ML channel-parameter estimates. The
symbols S are obviously unavailable at the receiver but
the EM algorithm provides a framework to iteratively
estimate the channel parameters without any a priori
information about the symbols. At iteration n, the
first step of this method, the expectation step, is the
computation of the following function:

Q(B,B" V) = / p(Z|R, B V) In p(Z|B) dZ.
e (11)
This function Q(B, B"—1) can be evaluated for any
B. The maximization of Q(B,B("~1) is the second
step of the algorithm:

B™ = arg max {Q(B,B("*l))} . (12)
B
It can be shown [19] that the sequence B(™) converges
under fairly general conditions to the ML estimate of
B.
Since the received samples are known, (11) can be
rewritten as:

Q(B,B" V) =

[ PSR B D) n (RIS Byp(SIB) dS. (13)
S

Moreover, S is independent of B. Only keeping the
terms dependent of B in Q(B, B"~1) yields

Q'(B, B 1) :/p(é"f\’,, B D) Inp(R|S, B) dS,

ES
(14)
with:
In p(R|S, B) = —M,L,In(r52)
1 Ms—1 3 R
~=5 (rn — Shy)? (r,, — Sh,). (15
" m=0

The maximization step gives the following equation
for the channel-tap estimation:

h,, = E[S"S]7 E[S) 1, (16)

and this expression for the noise-variance estimation:

. 1
0-2 —

" ML,

S v, + by EISYS) by,

~2Re {r}] B[S] b, } - (17)

Fortunately, the joint estimation of the channel param-
eters does not lead to a coupled (non linear) system
between the noise variance and the taps. Indeed, the
taps can be estimated before the noise variance. This
latter quantity can then be evaluated on the basis of
the tap estimates.

The probabilities p(S|R, B7~1) in (14) are given
by the decoder. It has not yet been proved but it
is widely believed that after convergence of a turbo
receiver, the probabilities at the decoder output are
equal to p(S|R, B(~1). For complexity reasons, it is
not possible to reach convergence of the turbo equal-
izer/decoder at each EM iteration. So, p(S|R, B("~1)
and thus E[S] and E[SYS], are approximated by
taking the decoder output after only one or a few
iterations in the equalizer/decoder system.

The iterative refinement of the channel-parameter
estimates progresses as follows. At the first iteration,
the initial estimation is achieved with the DA ML
method, i.e. only with the training sequence. For the
next EM iterations, the EM algorithm is applied, using
the APP on the symbols delivered by the outer decoder.

It has previously been shown [6] that the EM
channel-tap estimator is biased. An EM-based estima-
tor has been proposed in [12] to reduce this bias. Here,
we prove that this estimator is actually the unbiased
version of the EM algorithm. Indeed, the expectation
of the channel tap estimate is:

(18)

77’7L] N

Elh,,] = E[S"S]™! E[S]" Elr

Since the noise mean is zero and using (6), we get

Elh,,] = E[$" 57" EIS]" E[S] b

m - (19)

Unfortunately, the channel-estimate mean is not the
true channel-tap value. The bias factor is

E[S" S~ E[S]" E[S].

(20)

For the first iterations, the information about the sym-
bols is bad. During these iterations, E[S] is then close
to zero, whereas E[§H S] keeps the same magnitude
order. As a result, the Ehannel-tap estimates tend to
zero. To solve this problem, it is possible to unbias the
channel estimates by multiplying the EM estimate by
the bias inverse. We then get the unbiased EM solution:
h

.= (B[S"IES) ' ES)" r 1)

T m*

This is exactly the reduction to the single-input single-
output case of the estimator proposed in [12]. It will
be referred to as the unbiased EM (UEM) algorithm.

The complexity of the EM-based estimators is
mainly due to the inversion of the matrix E[SS]
which has to be done once per iteration. An approx-
imated solution with a lower complexity has been
proposed in [6]: only the diagonal elements of the ma-
trix E[ﬁH S] are kept. The matrix E [§H S] is actually
nearly diagonal if the frame length is long and if the
transmitted symbols are independent. This “diagonal



approximation” leads to a linear complexity (L) in-
stead of a cubic one (L?) for the matrix inversion.
Another low-complexity estimator can be designed,
using the  expectation-conditional-maximization
(ECM) algorithm [20]. With the EM algorithm, all
the taps corresponding to one polyphase component
of the channel impulse response are jointly estimated
(16). That leads to M, linear systems, each with
L equations and L unknowns. The basic idea of
the ECM algorithm is to compute one tap estimate,
assuming the other taps are known. The chosen values
for the other taps are the last available estimates of
those ones. All those already-computed values can be
grouped in a vector ﬁl(nm
RO
(22)
During one ECM iteration, each tap is estimated turn
by turn:

0 }Al(nfl)

= (n) 7(n
hl,m = [h(—zl,m +1,m -

R

{(BIS)7 v, 1 — {EIS" S B0

{E[S" ST}

where {A}; . denotes the element located at the row
b and the column c of the matrix A and {a}; denotes
the element located at the row b of the vector a. There
are ML linear equations such as (23), each one with
only one unknown.

As the EM algorithm, the ECM algorithm also
suffers from a bias. With the same reasoning as the
one used for the UEM, the unbiased ECM estimator
can be obtained:

. A{BIST b~ {EISY 8] by
b {EB[S]7 B[STh,

The EM, UEM, ECM and unbiased-ECM algo-
rithms make use of soft information on the symbols.
Those methods can also be applied in a DD fashion,
i.e. on the basis of hard decisions on the symbols. In
this case, the EM and UEM equations are the same as
the ones of the DD ML estimator: (9) and (10). The
DD version of the unbiased ECM is also equal to the
DD ECM. Finally, the “diagonal approximation” can
also be applied with the DD ML estimator.

" = . 23)

(24)

C. MMSE-Based Estimators

The observation-model equation (6) is linear. It
is therefore straightforward to derive a channel-tap
estimator based on the minimum mean square error
(MMSE) criterion. According to the linear-estimation
theory [21], this estimate is given by:

i_Ll,m = E[hl,m] + Mﬁm(fm - E[fm])y (25)
where
wl,m = COV{Em’Em}_l COV{ﬁm, hlﬂ”}' (26)

Usually, it is not possible to compute (25) be-
cause the receiver does not have any knowledge about
E[hy m]. Moreover, the computation of (26) requires

the knowledge of unknown quantities such as the noise
variance o2, the covariance matrix of the channel
taps cov{h,,,h,,} and the mathematical expectation
of the product of two taps E[h, k' ]. In [5], an MMSE
channel-tap estimators is used but those quantities are
assumed to be known and it is only applied with known
pilot symbols. We propose here a method to do MMSE
channel estimation without a priori knowledge about
the channel statistics. Moreover, this method makes
use of the whole information frame and not only of
the training sequence.

First, the channel parameters ﬁfrlb) and (;%(1) are es-
timated from the pilot symbols using the ML criterion,
as in the first iteration of the EM-based algorithms. The
DA ML estimator is efficient, so its variance is given
by the Cramer Rao bound. If the training sequence is
chosen according to [8], it can be shown that the tap-
estimate variance O’% corresponding to the Cramer Rao
bound is:

2w 27)

L, t 1 D)o?

where L,, is the training-sequence length. To be accu-
rate, this is true only if the ML estimator makes use
of the received samples which are independent on the
unknown symbols. There are only M(L, +1 — L)
such received samples, which are only dependent on
the pilot symbols.

The channel statistics are unknown at the re-
ceiver. Ideally, the conditional a posteriori probabilities

~(1 A~ (1
P(h17m|ﬁil),a$l( )) should be calculated to use all
the a priori and the DA information. Since the a
priori information about the channel is unavailable, we

propose to approximate the a posteriori means by:

Elh,) = b, (3)
and the a posteriori covariances by:
cov{hy,, by} = 03 I, (29)
where [ is the identity matrix and thus,
Elh,,byt] = Elh,,)E[h, )" + 07 L. (30)

Using (25)-(30), the MMSE estimate can be calculated.
After some manipulations, we get:

cov{r,,,r,} = E[Sh,hlS"]
—E[S]E[h,,|E[h,,]" E[S]"
+o2r 31)
and
cov{r,,, him} = E[S] ¢ 03, (32)

where the vector ¢ is filled with zeros except its I*

element whose value is 1.

During the iterations, E[h ] and a’% are no longer
modified. However, new APP’s on the symbols are
available at the decoder output and the channel esti-

mation can be refined at each iteration. Regarding the



noise variance, it can be estimated either with the EM
algorithm or with the DD ML algorithm. The initial

. . . ~, (1)
noise-variance estimate o2~ should not be kept for all
the iterations. Indeed, the imperfectness of the channel
estimation leads to an additional noise at the equalizer

output. (J?L(l) does not account for this supplementary
noise while it would have to do so [11]. Eventually, a
DD MMSE channel estimator can also be considered.
In this case, S or E[S] are replaced by the hard-

decision matrix S in the equations (25) up to (32).

IV. SIMULATION RESULTS

In this section, we compare the channel-estimation
algorithms presented in section III through simulation
results. The channel to be estimated is the Porat
channel, a length-5 channel with symbol-spaced taps:
[2—0.45,1.54+1.85,1,1.2—1.34,0.84+1.65]. Note that
the simulated system is not totally realistic. Indeed,
the length-5 channel is considered as the equivalent
impulse response of the pulse shaping filter, followed
by the physical channel and by the receive filter.
Moreover, the pulse-shaping-filter bandwidth is as-
sumed to be limited to 1/27. Eventually, there is no
oversampling at the receiver but the symbol timing
is assumed to be perfectly estimated. In a practical
system, a fractional receiver could be used to avoid
timing estimation. Despite those few unrealistic as-
sumptions, the results are interesting because the goal
of this section is only to compare the channel-estimator
performance.

All the simulations have been run with the fol-
lowing common parameters. The frame size is 2000
information bits, except for the last figure for which
it is equal to 200 information bits. The convolutional
encoder always begins and ends a frame at the all-zero
state (i.e. trellis termination is performed). The rate-
1/2 convolutional encoder has constraint length 5 and
octal generator polynomials [23g, 35g]. The interleaver
is totally random and varies from frame to frame
to average the effects of good and poor interleavers.
The modulation is 8-PSK with Gray mapping. The
equalizer filter length is equal to the channel length.
Although the Porat channel is used for all the frames,
the channel estimation does not use the estimates of
the previous frames. A new channel acquisition based
on 20 pilot symbols is performed at each frame.

The bit error rate (BER) is measured through Monte
Carlo simulations. The results are reported versus the
E, /Ny ratio. The simulations are stopped after at least
100 frame errors for each Ej/Nj ratio, for the results
to be statistically relevant. All the curves correspond to
the BER after 6 EM iterations. It should be mentioned
that when pilots are used (all curves but ‘perf’ in Fig.
3), the E}, has not been corrected to account for the
fact that the power is spread over pilot and information
bits. There is thus a small penalty of 0.13dB for the
corresponding curves of Fig. 3 and 4.

T
— perf

6 7
Eb/No [dB]

Fig. 3. Comparison of the iterative-channel-estimator performance.
perf: with perfect channel knowledge; DA: data aided; DD: decision
directed; UEM: unbiased EM; EM 1: one equalizer/decoder iteration
per EM iteration; EM 6: 6 equalizer/decoder iterations per EM
iteration. 2000 information bits.

Fig. 3 shows the BER for different receivers. Each
receiver uses a different channel-estimation algorithm.
The curve labelled ‘perf’ corresponds to the perfor-
mance of the turbo receiver fed with perfect channel
knowledge. This curve is a lower bound on the perfor-
mance of the proposed estimators. The curve labelled
‘DA’ corresponds to the DA estimator. It is only based
on the training sequence and therefore is not iterative.
At a low BER, the DA-receiver performance is more
than 2 dB poorer than the same receiver with perfect
parameter knowledge.

Assuming that the probabilities p(S|R, B~V in
(14) are given by the decoder after convergence, we
should wait until convergence of the equalizer/decoder
before doing one more EM iteration. This solution is
too complex. For the ‘EM 6’ receiver, we assume the
convergence is reached after 6 iterations, so there are
6 equalizer/decoder iterations inside one EM iteration.
This ‘EM 6’ receiver performs 1 dB better than the
DA ML one at a BER ~ 10~%. All the other iterative
algorithms (‘EM 1’, ‘UEM’, etc.) even use a stronger
approximation: they only use one equalizer/decoder
iteration per EM iteration. However, the ‘EM 1’ per-
formance is only 0.2 dB poorer than the one of ‘EM
6’. Both ‘EM 1’ and ‘EM 6’ algorithms suffer from the
bias (20). That explains their weak performance w.r.t.
the UEM and the DD algorithms. The UEM receiver
performs 1 dB better than the ‘EM 1°. Although the
UEM and the DD curves are close to each other, the
DD receiver performance is the best one among the
receiver with an embedded channel estimator. At a
BER below 5 1072, it performs 0.1 dB better than
the UEM and is only 0.1 dB away from the ‘perf’
curve.

The DD ML algorithm is the best one in Fig. 3. Its
complexity per iteration evolves as O(LM L, + L3)
for the channel-tap estimation. In Fig. 4, the DD
estimator is compared to its two lower-complexity
variants: the DD ML with the “diagonal approxima-
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Fig. 4. Comparison of the low-complexity estimators w.r.t the
DD and the DA estimators. DD diag: DD with the “diagonal
approximation”; DD ECM: hard-decision-directed variant of the
expectation-conditional-maximization algorithm. 2000 inform. bits.
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Fig. 5.  Comparison of the MMSE and the DD estimators. 200
information bits.

tion” and the DD variant of the ECM. The complexity
of both algorithms evolves as O(LML;). At a BER
~ 107°, the gaps between the DD ML curve and
the ‘DD diag’ and ‘DD ECM’ ones are 0.4 and 0.3
dB respectively. There is thus a small loss due to the
approximations brought to lower the complexity. How-
ever, at a very small cost, both of the approximated
DD solutions perform nearly 1.5 dB better than the
non-iterative DA ML method.

Fig. 5 compares the DD ML receiver to the MMSE-
based receiver. The disadvantage of the MMSE chan-
nel estimator is its high complexity due to the inver-
sions of the M matrices cov{r,,,r,,}. The size of the
matrix cov{r,,,r,,} is Ls x L. For a simulation-time
reason, the frame size in Fig. 5 is 200 information
bits instead of 2000. Due to this size reduction, the
receiver is less efficient. Indeed, the interleaver size is
smaller and the number of data symbols to estimate
the channel is smaller too. That explains the 3 dB gap
between the DD curves in Fig. 3 and 5. At a BER of
2 1074, the MMSE curve is 0.5 dB better than the DD
one. It seems that the MMSE channel estimator is the
best one from the performance point of view but its

complexity is by far higher than the one of the other
considered iterative estimators.

V. CONCLUSION

Two new iterative channel-estimation algorithms
have been proposed in this paper: the ECM and
the MMSE ones. Simulation results show that the
turbo-equalization scheme benefits from the iterative
refinement of the channel-parameter estimates. All the
iterative estimators considered here outperform the
classical DA ML method. The performance of several
channel-parameter estimators have been compared. It
appears that the MMSE one gives very good perfor-
mance but its complexity is very high. Both UEM
and DD receivers perform very closely to the receiver
having perfect knowledge of the channel parameters.
Both of the low-complexity methods only suffer from
a small penalty w.r.t the UEM and the DD receivers.
Finally, the EM algorithm is the worst iterative method
over the Porat channel, because of the bias of the
channel-tap estimate.

Future research could be devoted to the robustness
of those algorithms to a varying channel. The estima-
tor performance could also be checked in a realistic
system with oversampling.
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APPENDIX

The DA ML noise-variance estimate (8) is not
biased if the channel taps are known. However, by
analogy with the joint estimation of the mean and the
variance of a random variable, the ML criterion leads
to a biased estimate of o2 when the noise variance and
the channel taps are jointly estimated.

Using (7) and the fact that (ST S)7 = SH3, it is
straightforward to show that: S

(33)

With this relation, the expectation of (8) can be ex-

pressed as:

~2 et E[(tm 7§hm)H(£’m 7§ﬁm)]
Elo;] = T ML N
m=0 o
BUS by = S )" (8 i = S )
_ MsL’I"
ML,o
- ML, -

If the pilot symbols are chosen according to [8], we
get:

S"S=L,0%l (35)

Since the DA ML channel-tap estimator is efficient,
the tap-estimate variance is:

2

. A 1
E[(hl,m - hl,m)H(hl,nL - hl,’m)] = L Z_Q . (36)

Using the last two relations, (34) becomes:

ML o2

~21 2 s 2
E[Un] = Op— M,L, LTGs ?;Lg
L.—L

= —7— gfL. 37

The bias shown by (37) becomes negligible when
L, >> L. Usually, this is not the case during the
acquisition stage because there are only a few pilot
symbols. The bias effect is the underestimation of the
noise variance. That can lead to convergence problems
in the turbo receiver. To avoid the bias, we can use the
following unbiased estimate:

Ms,—1
N : 1 o I ~
U'r2L = mXZ:O m (Km - éhnz) (im - gh’rn) .

(38)
This is the one that is used for the simulations. It has
not yet been shown that the EM estimate (17) is biased
by the same factor. However, for the simulations, we
also multiply by ij T+ the estimates given by (17) or
by (10).




