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Abstract— In this paper we address the issue of symbol
timing recovery for a coded burst transmission system. As direct
Maximum Likelihood (ML) estimation is intractable, we resort
to the Expectation-Maximization (EM) algorithm, in order to
derive a receiver which iterates between data detection and
synchronization. Conventional Data-Aided (DA) and Decision-
Directed (DD) synchronizers can be interpreted as special cases
of the proposed algorithm. The EM-based technique takes into
account code properties and is especially well suited to scenarios
where conventional schemes fail to provide the detector with
a reliable timing estimate. The performance of the proposed
algorithm is compared with conventional techniques through
computer simulations, both in terms of Mean-Square Estimation
Error (MSEE) and Bit Error Rate (BER).

I. I NTRODUCTION

In order to perform coherent data detection, a receiver has to
estimate a number of synchronization parameters. In particular,
timing recovery is an essential operation in digital commu-
nication systems [1]. Conventionally, timing synchronization
for burst transmission is achieved through non-data-aided
(NDA) estimators [2], commonly derived from the maximum-
likelihood (ML) criterion. These estimators are acceptable for
uncoded system, but may lead to unreliable estimates when
state-of-the-art error-correcting codes are employed (this is
due to the low-SNR operating point). In order to improve
the estimator’s performance, the underlying code may be
exploited.

This idea has received some attention from the technical
community in the last few years: reference [3], for instance,
proposes to combine soft-decision directed carrier phase es-
timation with turbo decoding. In [4] the carrier phase syn-
chronizer is embedded into a maximum a posteriori decoder
and exploits the extrinsic information generated at each turbo
iteration. In [5] soft information from the decoder is fed toa
Mueller and Muller timing error detector in an iterative fash-
ion. Another approach can be found in [6]: delay estimation is
performed through soft-bit combining. A general framework
for iterative code-aided (CA) synchronization was presented in
[7], [8], based on on the expectation-maximization (EM) algo-
rithm [9]. This principle was first applied to delay estimation
for a transmission based on bit-interleaved coded modulation
in [10], though no comparisons with conventional estimators
were carried out.

In this paper, we will focus on the issue of symbol timing
recovery for turbo coded systems. The proposed synchronizer
will be derived from the EM algorithm and compared (through
computer simulations) to a conventional NDA estimator.

II. SYSTEM MODEL

As depicted in Fig. 1, we consider a burst transmission
system where a sequence ofL information bits is encoded
by a channel encoder with code rateR. The resulting bits
sequence is mapped to a signaling constellationA of sizeM
and shaped by a unit energy square-root raised-cosine pulse
u (t) with roll-off α. The resulting baseband signal is then
given by

s (t) =

K−1
∑

k=0

aku (t − kT ) , (1)

whereak ∈ A is thek-th transmitted symbol,T is the symbol
duration andK is the number of symbols in the burst. After
propagation through an AWGN channel with delayτ , the
received signal can be written as

r (t) =

K−1
∑

k=0

ak u (t − kT − τ) + n (t) , (2)

wheren (t) is the complex envelope of an AWGN process with
passband two sided power spectral densityN0/2. In coherent
detection, the propagation delayτ needs to be estimated before
data detection can take place.

III. C ODE-AIDED ESTIMATION

A. ML timing estimation

If we denote byr a vector representation ofr (t), the ML
estimate ofτ is given by

τ̂ML = arg max
τ

p (r |τ )

= arg max
τ

∑

a

p (r |τ,a ) p (a) , (3)

where the sum in (3) goes over all possible transmitted
sequence with a priori distributionp(a). Generally,p (a) =
1/MKR when a is a codeword and zero otherwise (i.e., a
uniform prior within the code-space). As the summation in
(3) gives rise to a computational burden that is exponentialin
K, ML estimation as defined in (3) cannot be used in practice.

B. The Expectation-Maximization Algorithm

The Expectation-Maximization algorithm, first introduced
by Dempster, Laird and Rubin in [9], is an iterative method
which enables the computation of maximum-likelihood es-
timates. This algorithm is actually well-suited to situations
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where the direct computation of the ML estimate is made
intractable by the presence of unknown data. More formally,
let Θ denote a parameter vector to be estimated,r an ob-
servation vector andb a nuisance vector. Defining the so-
called complete data x =

[

r
T ,bT

]T
, the EM-algorithm

iteratively executes the following two steps, starting from an
initial estimate Θ̂(0): the Expectation step (Eq. 4) and the
Maximization step (Eq. 5):

Q
(

Θ
∣

∣

∣
Θ̂(n)

)

=

∫

x

p
(

x

∣

∣

∣
r, Θ̂(n)

)

ln p (x |Θ) dx (4)

Θ̂(n+1) = arg max
Θ

Q
(

Θ
∣

∣

∣
Θ̂(n)

)

. (5)

A crucial property of the EM algorithm is that the log-
likelihood function L (Θ) = log p (r|Θ) of successive es-
timates increases at each iteration as long as a stationary
point (i.e., a global maximum, a local maximum or a saddle
point) has not been reached [11]. The EM algorithm converges
towards the global maximum of the log-likelihood function
Θ̂ML provided that the initial estimatêΘ(0) is sufficiently
close to this maximum; otherwise, convergence to a different
stationary point may occur.

C. Iterative ML Timing Estimation

We now make use of the EM algorithm to estimate the
propagation delayτ . Let us define the complete data set as
x = [rT ,aT ]T . Taking into account that the propagation delay
τ is independent of the unknown transmitted sequencea, the
Q-function in (4) reduces to

Q
(

τ
∣

∣

∣
τ̂ (n)

)

=
∑

a

p
(

a

∣

∣

∣
r, τ̂ (n)

)

ln p (r |a, τ ) , (6)

where1

ln p (r|a, τ) ∝ −

∫ +∞

−∞

∣

∣

∣

∣

∣

r (t) −
∑

k

aku (t − kT − τ)

∣

∣

∣

∣

∣

2

dt

∝

K−1
∑

k=0

ℜ

{

a∗
k

∫ +∞

−∞

r (t) u∗ (t − kT − τ) dt

}

.

(7)

Substituting (7) into (6), we come up with the following
Maximization step:

τ̂ (n+1) = arg max
τ

K−1
∑

k=0

ℜ
{

η∗
k(τ̂ (n))y (kT + τ)

}

, (8)

where y(kT + τ) is the output of the matched filter at the
instantkT + τ , i.e.

y(kT + τ) =

∫ ∞

−∞

r(t)u∗(t − kT − τ)dt (9)

and

ηk(τ̂ (n)) =
∑

a∈A

a × p
(

ak = a| r, τ̂ (n)
)

(10)

1
∝ stands for proportional to.

denotes the a posteriori expectation of the data symbolak, and
is a weighted average of all possible constellation points.The
marginal a posteriori probabilities (APPs) of the data symbols
p

(

ak| r, τ̂
(n)

)

, required to evaluate the Expectation-step, are
delivered by a MAP decoder, operating according to the sum-
product algorithm [12] (as in turbo and LDPC codes). The
resulting estimator will be denoted EM CA (for Code-Aided).
It is important to note that:

• When some of the data symbols are pilot/training sym-
bols, the correspondingp

(

ak| r, τ̂
(n)

)

revert to Dirac
distributions. Hence, the code-aided EM approach is an
elegant extension of training-based algorithms, and can
be seen as a soft-decision directed method.

• If we replaceηk(τ̂ (n)) by

ηk(τ̂ (n)) = arg max
a∈A

p
(

ak = a| r, τ̂ (n)
)

(11)

we make hard instead of soft decisions w.r.t. the data sym-
bols. This results in a Decision-Directed (DD) estimator.
DD estimators are quite popular and provide a convenient
(though ad-hoc) way of exploiting code-properties. Of
course, at sufficiently high SNR,p

(

ak = a| r, τ̂ (n)
)

will
tend to a Dirac distribution, so that (10) and (11) will
yield the same performance. We denote this estimator by
DD CA.

• It is also possible to use the EM algorithm or the
DD algorithm without exploiting the code properties.
In this case the marginal a posteriori probabilities
p

(

ak = a| r, τ̂ (n)
)

in (10) and (11) are replaced by

p
(

ak = a| r, τ̂ (n)
)

=
p

(

y
(

kT + τ̂ (n)
)∣

∣ ak = a, τ̂ (n)
)

∑

ã∈A
p

(

y
(

kT + τ̂ (n)
)∣

∣ ak = ã, τ̂ (n)
)

(12)
which corresponds to the assumption that allMK data
symbol sequencesa of length K have the same prior
distribution. We denote the resulting estimators as EM
NCA and DD NCA.

A major drawback of the proposed estimation algorithm is
its computational overhead: for each EM iteration APPs need
to be computed. When the detector itself is iterative (such
as happens with turbo codes and LDPC codes), computation
of the APPs is itself an iterative process. To reduce the
computational complexity, we resort to a technique known as
embedded estimation [13]: after each EM update ofτ̂ , we
perform only a single decoding iteration, but maintain state
information within the decoder from one EM iteration to the
next. Hence, the EM and decoding iterations are intertwined,
drastically reducing the computational overhead related to the
EM estimation process.

IV. PERFORMANCERESULTS

Simulation Set-up

In this section we evaluate the performance of dif-
ferent timing estimation algorithms. Performance is mea-
sured in terms of Mean Squared Estimation Error (i.e.,
MSEE=E

{

|τ − τ̂ |
2
}

). The MSEE is benchmarked against the
Modified Cramer Rao Bound (MCRB), which is a lower bound
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for the MSEE for any unbiased estimator [14]. Additionally,
we measure the BER performance, and compare it against
a receiver with perfect knowledge of the propagation delay
(denoted ’perfect sync’). We use a turbo encoder which
consists of two rate1/2 RSC encoders with polynomial
generators(37, 33)8, separated by an interleaver. The turbo
encoder output is punctured so that the overall code rate
is 1/2. The roll-off factor is set toα = 0.1. Transmitted
frames consist of 512 BPSK symbols. The timing offset is
changed for each new transmitted frame and is assumed to be
uniformally distributed in[−0.5T, 0.5T ]. The receiver operates
as follows (see Fig. 1): received signalr(t) is passed through
an ideal lowpass filter with bandwidth1/(2Ts), sampled at a
rate 1/Ts, and passed through a discrete-time matched filter.
The resulting samples are used to findτ̂ , an estimate ofτ . At
that point, matched filter outputs at time instantskT + τ̂ , for
k = 0, . . . ,K − 1 are computed by means of an interpolator.
The iterative decoder performs 15 iterations to detect the data.
As we will use embedded estimation, this corresponds to 15
EM iterations.

We will consider the following delay estimation algorithms:
EM CA, EM NCA, DD CA and DD NCA. Of course, each
of these algorithms requires an initial estimate,τ̂ (0). For this
purpose, we will use the well-known NDA Oerder&Meyr
(O&M) estimator [15]. The Maximization-step (8) will be
carried out by means of a Newton Raphson method.

Numerical results

Fig. 2 represents the performance of the different estimation
algorithms in terms of MSEE. We consider both the case in
which the CA synchronizers are initialized with an estimate
delivered by an O&M estimator and the case in which the
initial estimate is computed by an EM NCA iterative syn-
chronizer (itself initialized by an O&M). The curve labeled
“EM CA init EM NCA & O&M” for example represents
the performance of an EM CA synchronizer initialized by an
EM NCA estimator which is itself initialized by and O&M.
Note that the MSEE of the NCA and O&M synchronizers
do not depend on the code structure. The synchronization
operation may be improved by considering an iterative EM
or DD NCA estimator instead of the conventional O&M
estimator. Let us now focus on the performance of the CA
EM-based timing estimator. Since the turbo codes operate at
low SNRs, we may notice that the exploitation of the code
structure in the synchronizer leads to a gain in term of MSEE
between the NCA and CA synchronizer performance. Observe
that the EM CA initialized with an EM NCA synchronizer
in Fig. 2 achieves the MCRB forEb/No ≃ 1.5 dB. The
importance of the initialization procedure may be emphasized
by comparing the curves labeled “EM CA init O&M” and “EM
CA init EM NCA & O&M”. Indeed, we may observe that the
synchronizer initialized with the EM NCA estimator exhibits
better performance than the one simply initialized with the
O&M. This may be explained by the fact that a good initial
estimate will help the convergence of both the turbo decoder
and the EM synchronizer.

Another view is offered in Fig. 3, where we display the BER
achieved by the considered synchronizers versusEb/No-ratio.

At Eb/No = 2.5dB we observe that the EM CA synchronizer
initialized by the O&M leads to worse performance than a
synchronization with the EM NCA synchronizer. Yet, looking
at the MSEE achieved by the two synchronizers we see that
the EM CA synchronizer enables a better estimate quality than
the EM NCA estimator. The difference in the BER achieved
by the synchronizers may explained by the fact that the
extrinsic information exchanged between the two constituent
decoders may be degraded by a possible bad initial estimate.
This bad initialization may prevent the overall turbo-decoder
convergence even if the timing estimate is improved through
the iterations. The EM NCA synchronizer which delivers a
good initial estimate to the turbo decoder enables therefore
to achieve better BER than an EM CA which initializes the
turbo decoding with a bad-quality estimate. Considering now
DD synchronizers we notice in Fig. 2 that the use of hard
decision instead of soft decision does not lead to a significant
degradation of the MSEE. We also observe in Fig. 3 that the
use of DD synchronizers instead of EM synchronizers does
not lead very large degradation of the BER. The quality of
the initial estimate seems then to be the most important factor
in the convergence behavior of the turbo system.

V. CONCLUSIONS

We proposed a timing synchronizer based on the
expectation-maximization (EM) algorithm which is able to
exploit code properties. Such a synchronizer may be applied
in scenarios where conventional techniques fail. The syn-
chronizer can operate in both a code-aided (CA) and Non-
Code-Aided (NCA) mode. Both the CA and NCA mode
approach the modified Cramer-Rao bound for large SNRs.
At low SNRs, the CA synchronizer enables an improvement
of the estimation quality in terms of MSEE with respect to
an EM NCA estimator. Furthermore, the classical decision-
directed (DD) estimators were shown to be an approximation
of the proposed EM-based synchronizer. The use of hard
decisions instead of soft decisions does not seem to lead
to significant degradations of the performance. However, the
MSEE of the DD synchronizer was shown by simulation to
be lower-bounded by the MSEE of the EM synchronizer. We
showed that the conventional O&M NDA synchronizer may
give rise to unacceptable degradation of the BER for low roll-
off factors. The proposed iterative estimators may be applied in
this case to improve the estimation quality and consequently
circumvent large BER degradations. Finally, we pointed out
that the initial estimate delivered to an iterative receiver such as
a turbo decoder is a crucial factor for the overall convergence.
A poor initial estimate may prevent the turbo decoder to
converge even if the estimation quality is further improved.
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Fig. 1. Transmitter and receiver front end
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Fig. 2. MSEE achieved by the considered timing estimators vsEb/No for
turbo code and at roll-off 0.1.
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Fig. 3. BER vsEb/No achieved by turbo code synchronized with different
timing estimators and with roll-off=0.1.


