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Abstract—TIterative channel estimation can improve the channel-
state information (CSI) with respect to noniterative estimation.
New iterative channel estimators based on the expectation-max-
imization (EM) algorithm are proposed in this paper. A first
estimator, called the unbiased EM (UEM), is designed to unbias
the EM estimates. A second estimator is then put forward, which
is based on the expectation-conditional-maximization (ECM)
algorithm, and its complexity is lower than that of the EM. An
unbiased ECM (UECM) estimator is also proposed. Although the
unbiasedness of the UEM and UECM estimators is not rigorously
proved, the use of these names is explained in the paper. The new
estimators are compared with well-known ones, such as the EM,
the decision-directed (DD), and the data-aided (DA) estimators.
Simulations are reported for a turbo receiver operating over
frequency-selective multiple-input multiple-output channels. It is
shown that the UEM channel estimator outperforms the EM, and
that the ECM-based estimators are very close to the EM-based
ones.

Index Terms—Channel estimation, expectation-maximization
(EM) algorithm, iterative estimation, multiple-input multiple-
output (MIMO) systems, turbo detection.

I. INTRODUCTION

HE DEMAND for high-quality, high-bit-rate communica-
Ttions grows steadily. A good knowledge of the channel
parameters is essential to achieve an efficient detection of the
transmitted signal. The required channel estimation is often of
the data-aided (DA) type [1, pp. 782-787]-[4], i.e., it is car-
ried out with the help of pilot symbols. However, the length
of the required training sequence may become huge when the
channel impulse response (CIR) consists of many taps, such as
in wideband multiple-input multiple-output (MIMO) channels.
It results in a waste of bandwidth and power. Instead of using
the pilot symbols only, the information carried by the observa-
tions corresponding to the data symbols can also be used to help
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the channel estimator. It can lead either to better channel-pa-
rameter estimates or to a smaller number of required pilot sym-
bols. A first approach is to use decision-directed (DD) [1, pp.
772-782] estimators, but a part of the information is lost when
hard decisions are taken. A second approach is to use “soft de-
cisions” [5]-[14] which provide confidence measures about the
decisions. In soft-decision estimators, the channel estimation is
progressively improved through iterations [6], [7], [11].

Several papers have recently been devoted to an iterative re-
finement of the channel-state information (CSI), e.g., [5]-[14].
Various algorithms have been considered in these papers.
Among them, there are soft-DD variants of known techniques,
such as the least-square (LS) or the Kalman estimators [10].
Another technique is the so-called expectation-maximization
(EM) algorithm [15], which has already been considered in
[5]-[8] for channel estimation. It is an attractive choice because
it provides a theoretical framework to ensure the convergence
towards a stationary point of the likelihood function under
fairly general conditions [16]. With the available data only, i.e.,
the incomplete data set according to the EM terminology, the
maximum-likelihood (ML) estimates are sometimes compu-
tationally too demanding. With another data set, the so-called
complete data set, the ML estimates can be easily computed,
but not all the elements of the complete data set are known. The
EM algorithm provides a framework to iteratively calculate
probabilities on the unknown elements of the complete data set
and estimate the unknown parameters to be estimated.

When the channel and the transmitted symbols are unknown,
two different applications of the EM algorithm are conceivable.
First, as in [5]-[8], the target can be the channel estimation. The
EM algorithm enables iteratively refining the channel estimates,
thanks to the calculation of symbol a posteriori probabilities
(APPs). Secondly, as proposed by [12]-[14], the EM algorithm
can be used to directly estimate the symbols, since this is the
final goal of the receiver. In this latter case, the symbol decisions
are iteratively refined, computing APPs on the channel taps. In
this paper, we will consider EM-based methods for channel esti-
mation in MIMO frequency-selective communications systems.
We only focus on the first solution, because the second one usu-
ally leads to trellis-based solutions when trellis coding is used
[12], and trellis-based solutions are intractable when the CIR
length is large and/or when the constellation size of the consid-
ered modulation is high [17].

A major problem with the EM channel-tap estimation is that
the estimates are biased, as shown in [6]. This bias can severely
degrade the receiver performance. We propose in this paper an
unbiased EM (UEM) channel estimator. We show that the UEM
estimator outperforms the classical EM estimator. The EM and
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UEM estimators require a matrix inversion. In order to avoid
this matrix inversion, and thus to reduce the estimator com-
plexity, we also propose to estimate the channel with the expec-
tation-conditional-maximization (ECM) algorithm [18], [19],
which decreases the complexity of the maximization step of the
iterative estimation process. Like the EM algorithm, the ECM
algorithm leads to a biased channel-tap estimate. We derive here
an unbiased ECM (UECM) algorithm for channel estimation.
Although it is not rigorously proved in the paper that the UEM
and UECM estimators are unbiased, a justification of these es-
timators is given.

In addition to the channel taps, the noise variance is also
needed to perform soft-in soft-out (SISO) equalization (see [20,
eq. (14)]). There are two sources of bias in the noise-variance
estimation. The first one is due to the joint estimation with the
channel-tap values. We show that even with a DA ML estimator,
the noise variance is biased when joint CIR/noise-variance es-
timation is performed, but it is asymptotically unbiased as the
burst length increases. We show that this bias can be removed.
The second source of bias is the imperfect knowledge of the
symbols. We show that this bias can be divided by two.

Besides the theoretical part of the paper, we run simula-
tions to compare the performance of the new UEM, ECM,
and UECM algorithms with the one of the already known
methods such as the DA ML, DD ML, and EM algorithms
and with an approximate solution of the EM algorithm. We
compare them in the context of the estimation of frequency-se-
lective MIMO channels. A communications system based on
bit-interleaved coded modulation (BICM) [21] is considered.
The MIMO channel is frequency-selective and quasi-static,
i.e., the channel taps remain constant over one burst length.
A fractionally spaced turbo receiver made up of three main
parts is considered. The first part is the channel estimator. The
second part is the equalizer/demodulator, which is based on the
minimum mean-square error (MMSE) criterion [17]. The third
part is the classical SISO Bahl-Cocke—Jelinek—Raviv (BCJR)
[22] decoder. With appropriate interleaving/deinterleaving, the
channel estimator, the equalizer/demodulator, and the decoder
exchange soft information about the coded bits and estimates
of the channel taps and noise variance. The performance of the
different algorithms are compared on the basis of the bit-error
rate (BER) and mean-square error (MSE) of the estimators.

The rest of this paper is organized as follows. In Section II,
the channel estimators are derived. In Section III, the trans-
mitter, the channel model, and the receiver for the turbo MIMO
setup described above are described. The simulation results
are presented in Section IV, and the conclusions are drawn in
Section V. The calculation about the bias of the noise-variance
estimator is given in the Appendix.

II. CHANNEL-ESTIMATION ALGORITHMS

We focus here on iterative algorithms for quasi-static channel
estimation. That means that the channel is constant inside each
frame.

We consider a MIMO system with ng transmit antennas and
ng receive antennas. Each transmitted frame is made uF of
ny L, complex symbols s,(;’)(k =1,...,Ls). The symbol sk) is
sent from antennai(z = 1,...,nr) attime kT, where T denotes

the symbol period. The lowpass-equivalent CIR (including the
pulse-shaping filter) between transmit antenna % and receive an-
tenna j(j = 1,...,np) is denoted by h(»7)(t). We assume
that h(%7)(t) can be truncated without loss of accuracy. We only
keep its values Vi, Vjfor —L1T < t < LsT. The channel length
is denoted by L £ L1 + Lo + 1. At receive antenna j, () (t)
denotes the received signal, and n() (¢ )( ) is the complex envelope
of the additive white Gaussian noise with two-sided power spec-
tral density (PSD) Ny /2.

We use fractional sampling at the receiver. Let Fi,,x be the
highest frequency of the useful part of the received signal. Sam-
ples are taken at the rate M /T after lowpass filtering at M /2T .
The oversampling factor My is chosen such that M, /2T >
Frax.Forl =1—Ly,.. L+L2andm—0 Mg — 1,
the received samples r(] ) A £ O IT + mT /M, ) are sufﬁ01ent
statistics [1, pp. 234- 245] for symbol detection and channel es-
timation. We also define the channel taps h(l 9 A (T

mT/M,) forl’ = —L4,..., Ly and the noise samples nl(j) é
n W (IT + mT/M,). The noise is assumed to be white in the
space and time domains, i.e., it is independent Vj, VI, Vm. The

MIMO channel equation is thus

nrt

=3 Z B s+ nfd). (1)

i=1l'=—1L,

In our channel estimators, we will only consider the observa-
tion samples which are free from the interference of the adjacent
frames, i.e., rl( 721 for Ly <1 < L,— Ly Vm,VYj. A compact rep-
resentation may be obtained by stacking the samples. The vector

(j ) of the mth polyphase component of the received samples at
antenna 7 is then

T

) — [,A&)Lz e .TE;]S)—Ll,m:| (L. x1) @

where L, = Ls + 1 — L. The corresponding noise vector n(] )
can be written as

T

P T <)

nl) — [ ) ()
-m (L, x1)

MLy ML,
LetS @) be the following Toeplitz matrix containing the symbols
transmitted from antenna i:

F ) (i) KON

] SL71 DY ‘
T
S0 = L L L R
o SI(H)-L1 Sl(cJ)rL1 -1 Sl(cng
L 5%) S(Lszl 5%) dJ(L.xL)

The matrix containing all the transmitted symbols is S

5=[s...800]. 5)



Finally, the samples of the mth polyphase component of the CIR
corresponding to the receive antenna j are stacked in the vector
b

G) — [p9) (1) p,(2:9) (nr.)]T
b = (a7, n mh_le...th](nTLXl). ©)
The observation model becomes

r) = Shi) +n). 7

A. DA ML Estimator

A training sequence enables to carry out channel acquisition.
Since the channel taps are assumed constant over the burst du-
ration and the ny L, pilot symbols are known, the channel esti-
mation can easily be performed according to the ML criterion.
Even if the channel-tap estimation is performed jointly with the
noise-variance (o2 ) estimation, the channel-tap estimates do not
depend on the noise-variance estimate o2, , . Let S}, contain the

transmitted training sequence of length L, and lgrp () be the
. . —m
corresponding received samples

where vector rp(]) is of length L,, = L, — L 4 1. Since the
noise is assumed to be white both in the space and time domains,
the channel-estimation problem according to the ML criterion
can be split up into np x M separate subproblems. For each
polyphase component m and each receive antenna j, we get the

following expression for the estimate of the CIR Eii?D A

ESL?DA = (SPHSP) 1 SPHTPE,,{)' ©)
Note thatin (9), only the data-free samples are kept in ) () That
means that the received samples depend on the pilot symbols
only and do not depend on unknown data symbols. In this case,
(9) also corresponds to the LS estimate of the channel [23]. The
estimator (9) is the only efficient estimator of the channel taps,
i.e., it is unbiased, and its variance is minimal [23].

The pilot symbols which are optimal for minimizing the es-
timator MSE are such that the matrix SpH Sp, is diagonal [25].
Furthermore, the inversion of this matrix becomes very easy. For
more details about the training sequence generation, the reader
is referred to [25]. (ng + 1)L — 1 is the minimum training-se-
quence length L,, for the channel- tap estimation, because it en-
ables the inversion of matrix S, S in (9).

When the CIR estimate has been computed, the noise vari-
ance can also be estimated according to the ML criterion. The
noise-variance estimate 627DA is then

ng
52 1

n DA —
MLy 2

CE - st

X ( zfjf 5 B )DA)}

(10)
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In (10), the noise variance is simply evaluated by measuring the
squared difference between the received signal 7"1,(]) and its es-

timated useful part Spﬁii?D - The noise-variance estimator is
biased because of the joint estimation with the CIR. This bias is
similar to the bias which appears when one tries to jointly esti-
mate the mean and variance of a random variable. The detailed
derivation about that bias of the noise-variance estimate can be
found in the Appendix. It is shown that the unbiased estimate is

L

rp — 1T

rp ~2
Lgn,DA'

o 121,UDA = L (11)
The difference between (10) and (11) is small if the training
sequence is much larger than the CIR, i.e., L, > nrL, but
it is significant otherwise. Looking at the denominator of (11),
we must have L,, > nrL. Since L,, = L, — L + 1, the
minimum training-sequence length L,, for the joint acquisition
of the channel taps and noise variance is (np + 1)L.

The equalizer performance is very sensitive to channel-esti-
mation errors, as it will be shown in Section IV. The DA ML
estimation only provides a poor estimate of the channel parame-
ters. Of course, many pilot symbols could be sent to improve the
estimation quality, but a lot of bandwidth and of power would
be wasted to send those symbols.

B. EM Estimator

The DA ML estimator does not exploit all the information
available about the channel because it makes use of the data-
free observation samples only. To improve the channel-estimate
quality, the channel can be estimated on the basis of the whole
received burst, including both the training sequence and the
data. As shown in (9) and (10), it is easy to compute the ML
channel estimate if the transmitted symbols are known. How-
ever, when the transmitted sequence is unknown and encoded,
the likelihood function exploiting the code is much more diffi-
cult to compute.

The EM algorithm [15] enables iteratively solving this
problem. The EM algorithm has been exploited previously
to estimate the channel [5]-[8], but it has usually been used
to estimate the channel taps only. Here, the EM algorithm is
explained again in the case of the joint estimation of the channel
taps and noise variance. Let us define the vector of parameters
to be estimated as B, which contains the noise variance o2 and
the channel taps h(J ) v '7,¥Vm. Using the EM formalism, the
received samples r,(w Vj,V¥m form the incomplete data set R, a
set from which it is difficult to calculate the ML estimate /3. The
received samples rsn) (Vm,V7) together with the transmitted
symbols S form the complete data set Z, a set from which it
is easier to calculate the ML channel-parameter estimates. The
EM algorithm provides a framework to iteratively estimate the
channel parameters when the symbols S are unavailable at the
receiver. At iteration n, the expectation step, the first step of
this method, is the computation of the function Q(B, B(™=1)),
which depends on the estimates B 3(n=1) gt the previous iteration
and on the trial value B for the parameters to be estimated

Q(B,B<"—1>) :/p(Z|R,B<"—1>)1np(Z|B)dZ. (12)
zZ
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This function Q(B,B("~ 1)) can be evaluated for any B.
The maximization of Q(B, B~1) is the second step of the
algorithm

B = arg mgx{Q (l?,l%("_l))} . (13)

It can be shown [16] that sequence B converges under fairly
general conditions towards a stationary point of the likelihood
function p(R|B). Moreover, at each EM iteration, this likeli-
hood does not decrease. If initial estimate B(%) is close enough
to B, we may thus hope that sequence B™ converges to the
global maximum of p(R|B), i.e., the ML estimate of B.

Since the received samples R are known, (12) can be
rewritten as

Q (6.5"1)= [ p (1R, n [p(R|S. Byp(sB)] s
S

(14)

Moreover, S is independent of B. Keeping only the terms de-
pendent on B in Q(B, B™~1) yields

o’ (B, [;’("_1)):/p(§|R7B<"_1))lnp(R|§, B)ds (15)
Js

with

(16)

where ﬁ,(fl) and G2 are, respectively, the trial values for @5,13 and
o2 . The maximization step gives the following equation for the
channel-tap estimation at iteration n:

2 () (E [§H§|R, B(n—ﬂ} ) 7

ﬁm,EM = E [§|R: B(n_l)}Hfg)

a7

and the following expression for the noise-variance estimation:

(n) nr I\[ -1
A2 n ( )
In,EM ~ nRML Z Z [ Z
7=1 m=0
+ b o E [s”sIR, B("*l)] [

_oR {rU) E [sm B- ﬂ A EM}]. (18)
Fortunately, the joint estimation of the channel parameters
does not lead to a (nonlinear) system coupled between the
noise variance and the channel taps. Indeed, the channel-tap
estimation does not depend on the noise-variance estimation.
We can, therefore, estimate the taps, then the noise variance.
In this part of the paper, we assume that a part of the receiver,
called the APP calculator, is able to output the probabilities

channel and noise—variance
n; estimator

Sk TI h
— channel APP(si)

computation of symbol
a posteriori probabilities

Fig. . EM-based channel-estimator scheme.

p(S|R, B~V required in (15), and thus, in the conditional
eerctations in (17) and (18). The resulting scheme is depicted
in Fig. 1. The EM estimation is iterative. At the first iteration, an
initial estimate of the CSI is provided to the APP calculator. This
initial estimate can be computed with the help of pilot symbols
and (9) and (11), for instance. For the next EM iterations, (17)
and (18) are computed, using the APPs on the symbols which
are delivered by the APP calculator. The channel estimator can
then deliver a novel refined CSI to the APP calculator, and so
on.

C. LS and UEM Estimators

In this section, we show that the EM CIR estimator can be
viewed as an LS estimator. The LS estimator [23] for channel es-
timation minimizes the square error J () of the reconstructed

received signal ES,]I)
)" (e - )

J(E9) = (9 19)
‘Ls- When the symbols are known, the so-

where f(j) = sz(])

lution that minimizes J (7 (J)) is equivalent to the ML DA esti-
mator (9). However, the data symbols of the frame are unknown.
We only assume that a priori information P about the symbol
distribution is available. In order to take advantage of these a
priori probabilities, the LS criterion has to be modified. We

choose to minimize JQ(E(] ), which is the average of J(#\7)
over the possible sequences

5 (12) = 551 (1) ]

where the notation Es|...] means that the expectation is taken
with respect to the distribution of S, that is to say P. The no-
tation E[...;P] emphasizes the fact that the symbols are not

necessarily equiprobable. The solution hm Lg that minimizes
(@)
Jo(h,) is

W = (BISMs; P~ ELS; PP )

(20)

2y

It has been shown already [6] that the EM channel-tap es-
timator is biased and that this bias can degrade the BER. The
mean of the EM estimates is very difficult to calculate because
of the dependence of the APPs p(S|R, B(=1)) on the received
samples R and on the previous estimate B™=1_On the con-
trary, the mean of the LS estimator for a priori symbol distribu-
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tion P is easy to find. On the basis of (21), the expectation of
the LS channel-tap estimate is

E,» [f_bfft)LsP} =(EB"S; ) EB; AT E [ﬁ%);ﬂ )

Assuming that the noise is zero-mean and using (7), we get

B, s P| = (BB 5, 7) 7 BB AP BB LY. (23)

The channel-estimate mean is thus not the true channel-tap
value. The bias factor is (E[S”S;P])~'E[S;P]”E[S;P].
The LS estimator can be unbiased by multiplying (21) by the
bias inverse. We then get the unbiased LS estimator

2 o0s = (B[S; PIFE[S; P)) " BIS; P,

(24)

Actually, the LS estimator is not very useful when the sym-
bols are zero-mean and a priori equiprobable, and when this
information is not updated. The estimate is then zero. How-
ever, the LS estimator can be used in a “turbo-like” fashion, i.e.,
the a priori distribution used by the estimator is the output of
the symbol APP calculator. A priori symbol distribution P is
then updated through the iterations, and it is equal to the APPs
p(S|R, B("=1). In this case, the LS estimator appears to be
equal to the EM estimator.

Based on the analogy between the EM and the LS estimators,
we propose a new version of the EM algorithm

-1

e = (2[R, 80" o [sim, 507

~ H
% E [§|R, B(”‘l)] ), (25)

Although it has not been rigorously proved that (25) is an un-
biased estimator, it will be referred to as the UEM algorithm in
the following.

If the EM noise-variance estimator (18) used updated symbol
a priori probabilities P instead of p(S|R, B™~1), its mean
could be easily calculated, too. It is shown in the Appendix that
even the DA ML noise-variance estimator is biased, due to the
joint estimation with the channel taps. We put aside this bias by
assuming that the channel taps are known. Using P, which is
updated through the iterations, instead of p(S|R, B("~1)), the
mean of the modified EM estimator &Z,EM’ is given by

ER[&?z,EM’;P]
ngr [

2
:f’“mzz [

Jj=1 m=

x (B[S" 3Pl - B[S PI"E[S: )R] . (26)

This bias is due to the imperfect knowledge of the sym-
bols. Indeed, in the known-symbol case, E[éH é; Pl =
E[S; PI? E[S;P], and the bias of 62 1, is null. The bias of
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62 o\ can be removed, but the “unbiased” EM estimator of
the noise variance

nr M1 DG 0 plgH g\ PG .
On, UEM’ = JZl mz:o nrML, &7

is useless because it can sometimes provide negative values. We
propose to use another estimator, the half-biased EM (HEM)
estimator

) el s ) 1H
A121 HEM = I:Esr]z) — E[S|R, B(n_l)]ﬁm,EM]

7=1 m=0
)~ E [§|R>BA(”_1)} E(?JL)EM

— ' 28
% ML, (28)

which can easily be shown to exhibit half the bias of [7,21_EM,
when updated P is used instead of p(S|R, Bn=D),

D. Variants of the EM Estimator

1) The ECM Estimator: The inversion of matrix
E[S"S|R,B"=V] is a demanding task in the EM esti-
mator. This inversion can be avoided by means of the ECM
algorithm [18], [19]. With the EM algorithm, all the taps of
the CIR are jointly estimated (17). That leads to nr M, linear
systems, each one with n L equations and n L unknowns, to
be solved during the M step. The basic idea of the ECM algo-
rithm is to simplify the M step: one channel tap is estimated
at a time, assuming that the other taps are known. The chosen
values for the other taps are the last available estimates of those
ones. All those already computed values can be grouped in a

(4,5)(n) hl(i,j) at

vector hl m for the calculation of the estimate of

iteration 7, h(L’])(n)

L REDIREDCD.

= (4,5)(n) 1,7)(n
hl |:h( 7)(n) 14T

—Lim

h(Ln; J)(n— 1)}

(29)

The F step of the ECM algorithm is the same as the EM one, but
the M step is different. During the M step of an ECM iteration,
each tap is estimated in turn, as follows:

{E [QIR, 1’3’("—”}}1%)}

{E [§H§|R’ B(n_l)} }Lz+l Li+l
{pls"smee0]u}

{1]s"sR. 5]}

Li+l

hl( L;i)é%)M =

(30)

Li+l,Li+l

where {A}; . denotes the element located at row b — Lo and
column ¢ — Ly of matrix A, and {a}, denotes the element lo-
cated at row b — Lo of vector a. For each iteration n, there are
nrMsnr L linear equations such as (30), each one with only
one unknown: h( ) m is estimated, then h( Lit1,m etc. The
solution is stralghtforward and the matrix inversion is avoided.
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TABLE 1
ESTIMATOR COMPLEXITY PER ITERATION

estimator | # multiplications | # divisions

EM (TLTL)Z(2LS +4nrL + 2) 2nrL
+nrLL;Msng

ECM (nrL)*(Ls + Msng) nrlL
+nTLLs(MsnR + 1)

Diag EM | no LL(Msng + 2) nrL

Table I shows that the EM is roughly twice as complex as the
ECM when the frame length L; is large.

2) The UECM Estimator: Like the EM channel estimator,
the ECM estimator is biased. We propose an estimator that we
call the UECM estimator. Like above, the UECM unbiasedness
can be shown when the estimator uses updated symbol a priori
distribution P instead of the APPs. For le(‘ni) at iteration n, the
UECM estimate is ’
bR

H,.05) H 7 (4,5)(n)
{E[ﬁ] T } - {E[ﬁ] E[S]hy UECM} 4
— Li+ — — Li+l

l
— . (3D
{E[é]HE[é]}Li+l,Li+l

Using P instead of p(S|R, B("=1), the unbiasedness of the
UECM estimator can be proven recursively.
First, it is shown that the UECM estimate h;lr’fl)é"]gCM is un-

5 (4,4)(n)

biased if the estimates in h; ,, ~ are unbiased. Let us calculate

the mathematical expectation of EgLTi){TfE)CM, assuming that the
noise is zero-mean and using (31) and (7)

£
{E1817E18) () - B [hgnf)(")} )}

= Litl — (3p
(RIS ES  oivt pint (32)

At this stage of the demonstration, we assume that the elements
of El(l,i)(n are unbiased. E[El(znjl)(n)] = b — EitDp (D)
where e(“t) denotes a length-ny L vector filled with zeros ex-

cept for the Li + Ith element, which is 1. Then (32) yields

] B {E[S]" E[S]} Lit1,Liti
- {E[SIPE[S)} Lit1,Li4t

b [hl(zrrJL)I(ﬁE)CM hglni) (33)

which shows that the UECM estimate iL?LTi)érfE)CM is unbiased,
provided that the previous estimates, i.e., El(lnz (=)
too.

If the initial estimates Ef,{f(,l,f
jENM) . biased. and th E(i,j)(l) | )
~ZLi,muEcym i unbiased, and thus, h_; 1, , only con
tains unbiased estimates. The same reasoning can be applied till
any ill(7ri)l(;ECM The only problem left is to find unbiased initial
estimates. They can be obtained through a DA ML estimation

at the first iteration, for instance.

3) The Diagonal Approximation: In [6], it is proposed to
keep only the diagonal elements of matrix E[ST S|R, B("=1)]
to provide another low-complexity solution. This “diagonal ap-
proximation” leads to a linear complexity (o< nrL) instead of

are unbiased,

are unbiased, then

a cubic one (o< n3.L3) for the matrix inversion in (17). Table I
shows that the EM with the diagonal approximation is much
less complex than the EM and the ECM. Unfortunately, its per-
formance reported in Section IV is much weaker, too. Actually,
even if the symbols are a priori independent, they are corre-
lated when they are conditioned on the observations R and the
channel estimate B("=1).

4) The DD Estimator: The EM, UEM, ECM, and UECM
algorithms make use of soft information on the symbols. Those
methods can also be applied in a DD fashion, i.e., on the basis of
hard decisions on the symbols. In this case, the EM and UEM
equations are the same as the ones of the DD ML estimator,
which is well known already [1, pp. 772-782]. The equations
for that DD estimator are identical to (9)

W p = (5787189 (34)
and (10)
nrg Ms—1
. 1 ) AT )
2 — J— (-7)_ (])_
on=3 Y i, (£ —8h) " (9 - Shy)
(35)

but the pilot-symbol matrix ép is replaced by g , which is filled
with the hard decisions on the symbols. The DD version of the
UECM is equal to the DD ECM. Their equation can be easily
derived from (30). Finally, the “diagonal approximation” can
also be applied to the DD ML estimator to lower the complexity
of (34).

III. THE TURBO MIMO SYSTEM

A. The System Model

In order to compare the performance of the various channel
estimators, the estimation algorithms are applied to a MIMO
system with a turbo space-time equalizer. The transmitter
scheme is depicted in Fig. 2. BICM is used. The information
bits u, are organized in frames. A frame is encoded by a
convolutional encoder, then interleaved by a random permuta-
tion. The frame of interleaved coded bits is then split into np
subblocks (corresponding to the np transmit antennas). Within
each of these subblocks, the bits are grouped and mapped to
one of the M possible complex symbols in the considered
multilevel/phase constellation S. On each transmit antenna
i (i = 1,...,n7), the resulting frame of complex symbols
sg) € Sk = 1,...,Ls) is transmitted over the wireless
channel. The symbols are zero mean and have variance 2.
After pulse shaping with a square-root Nyquist filter g(¢), the
nr symbols s,(el), e sgc"T) are sent at time k7.

We assume that the transmitter does not have any knowledge
of the CSI, so that the various antennas send signals with iden-
tical powers. They also use the same shaping filter, modulation,
and mapping rule.

The channel is assumed to be quasi-static, i.e., the channel
remains static over one burst length. The frequency-selective
MIMO fading channel is described by the tapped-delay line
model. The different paths are characterized by delays and gains
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Fig. 3. Receiver scheme.

(independent zero-mean complex Gaussian random variables
with tap-specific variances). The lowpass-equivalent CIR (in-
cluding the pulse-shaping filter) between transmit antenna ¢ and
receive antenna j (j = 1,...,ng) is denoted by h(»7)(t). We
assume that A7) (¢) can be truncated without loss of accuracy.
We only keep its values V¢,V from time — LT till LyT'.

The presence of an interleaver between the convolutional en-
coder and the channel input makes it possible to use a turbo or
iterative receiver. Without taking into account the channel es-
timator, the iterative receiver is made up of two main parts. As
represented in Fig. 3, the equalizer/demodulator and the decoder
are separated by bit (de)interleavers, and they exchange soft ex-
trinsic information under the form of bit log-likelihood ratios
(LLRs). Lg, L, and L,, respectively, denote the a priori, ex-
trinsic, and a posteriori bit LLRs.

The equalizer/demodulator, the inner SISO stage, has to miti-
gate intersymbol interference (ISI) and properly demodulate the
symbols. Because of its low complexity, we use the MMSE-
based equalizer described in [20]. This equalizer is fraction-
ally spaced, which avoids the cascade of global matched filter
and noise-whitening filter. Its design relies on an approxima-
tion [17] of the optimal MMSE receiver [24]. On the basis of
the received samples, the channel parameter estimates, and the
bit a priori probabilities, the equalizer outputs symbol extrinsic
probabilities P.(s\")) (k =1,..., Ls,i = 1,...,nr). Then the
demodulator computes the bit extrinsic LLRs. According to the
turbo principle, the equalizer exchanges soft extrinsic informa-
tion with the SISO decoder, which is implemented by means of
the BCJR algorithm [22].

B. Channel Estimation Applied to the Turbo MIMO System

We assumed in Section II that the receiver is able to compute
APPs on the symbols. In fact, the receiver should be doubly
iterative to compute those APPs. Inside each EM iteration
n, the receiver should perform several turbo equalization/de-
coding iterations, keeping the channel estimate B, 1t

has not yet been proved, but it is widely believed that after
convergence of this turbo-equalization process, the probabili-
ties at the decoder output would be equal to p(S|R, Bm—1).
For complexity reasons, the considered receiver performs
only one pass through the equalizer/decoder inside each EM
iteration. So, at EM iteration n,p(S|R, B(™=1), and thus
E[S|R,B"=D] and E[S®S|R,B(~Y)], are approximated
by taking the APPs delivered by the decoder after one turbo
equalization/decoding iteration using the char/mel estimate
B(=1) Moreover, the joint probability p(s\”, s\ |R, B(n=1)
is approximated by th,e product of the marginal probabilities
p(s 1R, BO=D)p(sU R, BM=D) Wk £ koor Vi # i
Because of these approximations, the conditions for the proof
[16] of the EM-algorithm convergence are not fulfilled. The
convergence of the EM to the ML estimate can thus not be
ensured.

The iterative refinement of the channel-parameter estimates
progresses as follows. At the first iteration, the initial estima-
tion is achieved with the DA ML method, i.e., only with the
training sequence. That supplies an initial CSI to the equalizer.
With appropriate interleaving/deinterleaving, the equalizer/de-
modulator and the decoder exchange soft information about the
coded bits. For the next EM iterations, the EM algorithm or one
of its variants is applied, using the training sequence and the
APPs on the symbols delivered by the decoder. Note that in the
case of the DD channel estimator, the hard decisions are taken
on the basis of the a posteriori LLRs at the decoder output. The
channel estimator can then deliver a novel refined CSI to the
equalizer, and so on.

IV. SIMULATION RESULTS

To assess the relative performance of the various channel-
estimation algorithms, simulations have been conducted over
two different MIMO channels. The channel estimator estimates
the CIR and the noise variance. Unless otherwise stated, the
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UDA and HEM noise-variance estimators are, respectively, used
with the DA and UEM channel estimators.

In each considered simulation scenario, the channel remains
static during a frame period. In order to cover the whole statis-
tics of channel values, we average the results over a sufficient
number of channel realizations. At each considered Fy /Ny, the
simulations have been stopped after at least 100 frames cor-
rupted by one or several bit errors. The BER has been measured,
as well as the normalized MSE of the CIR estimator. The nor-
malized MSE is the mean value of the square distance between
the channel-tap estimate and its true value, divided by the mean
total power of the CIR. The normalized MSE is the average of
the normalized square error (NSE)

. SN2
ngR nr M, Ly 7 (4,9) (4,7)
Zj:lzi:1 m=0 2sl=—L; hl,m _hl,m
N

nr nr M, Lo (i,5)

manr ML Y S S S, B Uhl,m

(36)

NSE =

over many frames.

The first considered channel is a four-input four-output flat
Rayleigh-fading channel. All the delays between a transmit
antenna and a receive one are identical, but the fading coeffi-
cients are independently distributed. For this particular channel
only, the estimator does not estimate the concatenation of the
physical channel with the pulse-shaping filter but the physical
channel only, i.e., 16 complex coefficients. To cope with the
pulse-shaping filter, a filter matched to it is placed in front of the
receiver. The sampling is performed thanks to a synchronizer
which is assumed to be ideal. There is no oversampling in this
case: M, = 1.

The other parameters of the simulation setup are the fol-
lowing. The modulation is 8-phase-shift keying (PSK) with
Gray mapping. The interleaver is random. A rate-0.5 con-
volutional encoder with generator polynomials [23g,35g] is
considered. The frames are made up of 2000 information bits,
which correspond to 1336 8-PSK symbols. We assume that
we are in acquisition mode, which means that the initial CSI
estimates are obtained thanks to 4x5 pilot symbols placed at
the beginning of each burst. The training sequence is designed
according to [25] in order to present interesting orthogonality
properties.

Fig. 4 reports the normalized MSE obtained after 10 iterations
of the whole receiver, as a function of the average Fj /Ny per
receive antenna. The curve labeled “CRB” is the Cramer—Rao
bound (CRB) when all the symbols of the frame are known, that
is to say the DA CRB. The MSE of the UEM-HEM estimator,
i.e., the UEM channel estimator with the HEM noise-variance
estimator, reaches that bound for Ej /Ny above 5-6 dB. The
DD estimator is also close to the CRB. The MSEs of the three
other EM-based estimators are between those of the DD and DA
estimators. All the iterative algorithms seem to perform better
than the DA one, whose estimates are not iteratively refined.
Regarding the noise variance, the EM estimator overestimates it
more than the HEM one, as expected. For a /Ny = 7 dB, the
bias of the EM-EM and UEM-EM estimators is 3 dB at iteration
2 and around 0.5—-1.5 dB at iteration 10, whereas the bias of the

Normalized MSE [dB]

Eb/No [dB]

Fig. 4. Normalized MSE of the channel-tap estimates after 10 iterations for a
4x4 flat Rayleigh-fading channel.

Eb/No [dB]

Fig. 5. BER after 10 iterations for a 4x4 flat Rayleigh-fading channel with
several estimation methods.

EM-HEM and UEM-HEM estimators is only 2 dB at iteration
2 and around 0.05 dB at iteration 10.

What is more interesting than the MSE is the receiver BER.
The BER at iteration 10 is plotted in Fig. 5. The curve labeled
“perf” shows the BER when the true CIR and noise variance are
provided to the equalizer. It can be considered as a lower bound
on the results obtained with channel-estimation algorithms. It
should be mentioned that when pilots are used (all curves but
“perf”), the E, should be corrected because the power is spread
over pilot and information bits. This correction is not made in
the figures. There is thus a small penalty for the corresponding
curves of Fig. 5 that should be shifted to the right by 0.065 dB. In
Fig. 5, the DD estimator performs very well, except for BERs
below 10~*. The best results are obtained by the UEM-HEM
receiver. The EM-EM, EM-HEM, and UEM-EM algorithms are
even worse than the DA ML method, in spite of their better
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Fig. 6. Distribution of the NSE of the channel-tap estimates after 10 iterations
for a 4x 4 flat Rayleigh-fading channel. E}, /N, = 7 dB. Dotted curves: global
pdf. Solid curves: pdf when an FE occurs.

MSE:s. Except for this major difference, the BERs in Fig. 5 are
coherent with the MSEs observed in Fig. 4.

To understand the poor BERs obtained with the EM-EM,
EM-HEM, and UEM-EM receivers, we have to look at the
distributions of the NSE of the channel-tap estimates, which is
defined in (36). In Fig. 6, dotted curves represent p(NSE), i.e.,
the probability density function (pdf) of the NSE. Let FE denote
the frame-error event, which occurs when the decision made on
the frame is corrupted by one or several information-bit errors.
p(FE) is thus equal to the frame-error rate (FER). The solid
curves in Fig. 6 represent p(NSE|FE)p(FE). In another way,
they represent (up to a scaling factor) the pdf of the square
error knowing that the frame is in error. Those pdfs have been
measured for the DA, EM-EM, and UEM-HEM estimators
over 200000 frames at iteration 10 and E,/Ny = 7 dB. The
peaks of the DA and UEM-HEM square-error distributions are
around the MSE of the corresponding estimators. However, the
square error of the EM-EM estimator is distributed in another
way. It appears that the EM estimator sometimes diverges. We
say that an estimator diverges when the estimate square error
at the last iteration is larger than the square error of the initial
estimate. The maximum of the EM-EM square-error distribu-
tion is located around —34 dB like the UEM-HEM one, but
there is also a lower peak around —5 dB. This second peak
is formed by estimates that have diverged from their initial
values, since the NSE of the DA estimator is smaller than —12
dB. Around this “divergence peak,” the EM dotted and solid
curves overlap. That means that when the EM estimator di-
verges, the frame is erroneously detected. Although the EM
estimator diverges for only 1.6% of the frames in Fig. 6, this
divergence is responsible for 97% of the frame errors. The DD
estimator, whose square-error distribution is not reported here,
diverges sometimes too, but it happens 25 times less often than
the EM-EM estimator. It can be concluded that for the flat
Rayleigh MIMO channel and the transmission setup used here,
the UEM estimator provides excellent results. The EM per-
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Fig. 7. BER after six iterations for a 4 x4 frequency-selective Rayleigh-fading
channel (GSM TU profile).

TABLE II
GSM TU CHANNEL MODEL

Path Delay (is) | 00 02 05 16 23 50
Path Power (dB) | —=3.0 0.0 -2.0 -6.0 —80 -10.0

formance is disappointing, but for flat-fading channels it has
been proposed in [6] to combine the estimate from the training
sequence and the estimate from the EM estimator. In some
cases, this “combining” method can improve the EM perfor-
mance. The extension of this method to frequency-selective
channels is a topic for future research.

Secondly, the same scheme has also been investigated for
a four-input four-output frequency-selective channel model
called “GSM typical urban (TU).” The code, the frame length,
the modulation, and the mapping rule are the same as in the
flat-fading case. We assume again that we are in acquisition
mode. The number of pilot symbols is 4x55 and the penalty
left out of account in Fig. 7 is 1.15 dB. Table II shows the
path power and delay profiles of this channel. Each one of the
4x4 physical multipath impulse responses has taps selected
according to these profiles. The symbol period T is equal to
3.7 us. Each tap is modeled as an independent (of all others)
zero-mean complex Gaussian random variable. The space—time
equalizer span is equal to 11 symbol periods and M, = 2.

The results after six iterations are given in Fig. 7. All the
considered iterative algorithms perform better than the DA ML
method, except the EM with the diagonal approximation, whose
curve is labeled “diag EM.” Among the lower complexity algo-
rithms, i.e., the ECM and the EM with the diagonal approxi-
mation, the ECM is, by far, better. For the sake of the figure
readability, the curve corresponding to the ECM has not been
plotted, but it is between the EM and the DD curves. Note that
no optimization of the training-sequence length has been per-
formed. It has been chosen as the smallest number of pilot sym-
bols which still enables CIR and noise-variance acquisition, i.e.,
4x55 pilot symbols, in this case.
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V. CONCLUSION

We have proposed an UEM algorithm for CIR estimation.
We have also proposed a lower complexity channel-estimation
method based on the ECM algorithm and an unbiased version
of this latter technique. These algorithms have been integrated
in a turbo receiver in order to compare them with known esti-
mators, like the EM one [5]—[8] and the classical DA ML crite-
rion. Simulations conducted over MIMO channels show that in
most cases, the iterative CIR estimation techniques outperform
the classical DA ML channel estimator. It is worth refining the
channel-parameter estimates through the iterations, because it
lowers the CIR-estimate MSE, and above all, it lowers the BER.
The DD estimator performance is often very good. However, the
proposed UEM algorithm provides the best results among all
considered estimators in both simulated scenarios. The ECM
and the UECM methods, respectively, give results very close
to the EM and the UEM techniques. The “diagonal approxima-
tions” of the EM and UEM algorithms have a lower complexity
than the ECM-based techniques, but these ECM-based methods
outperform the algorithms with the diagonal approximation.

The algorithms considered in this paper do not handle a
channel variation inside a burst length. Further work will be
done on this topic. The optimization of the number of pilot
symbols is also a topic for further research.

APPENDIX

The DA ML noise-variance estimate (10) is unbiased if the
channel taps are known. However, by analogy with the joint
estimation of the mean and variance of a random variable, the
ML criterion leads to a biased estimate of o2 when the noise
variance and the channel taps are jointly estimated.

Using (9) and the fact that (éfép)H = éfép, it is straight-
forward to show that

(zfﬂ _§ph£ﬁ))H (zg) _ gphff;’) 37)
= (- épﬁfi))H (e - 8,7) (38)

5 (9)

(8,02~ 5 0D)" (8,59 - 5,09) . G9)

With this relation, the expectation of (10) can be expressed as

E [67 pal
- TLRMSLTUZ
- nRMSLT

np M,—1 E [(ﬁg) - ﬁg))H SHép (ﬁz) _ ﬁ%))}

DIDIEE .

=P

j=1 m=0 nRM@Lr
(40)
If the pilot symbols are chosen according to [25], we get
S"S =L.o2L (41)

=P =P

The variance of the DA ML channel-tap estimator can be easily
calculated. This variance is

(i s oNH [a i i UTZL
E [(hi,;i) — i) (b —hz(,;i))] = fay @)
Using the last two relations, (40) becomes
MsnrL o2
E [52 _ 2 _ NrMs o2 Tn
[Jn,DA] On nRMer s Lro,g
L, —nrL
- T”Ta;i. 43)

The bias shown by (43) is negligible when L, > npL. The
estimator is asymptotically unbiased. Usually, L, is not much
larger than ny L during the acquisition stage, because there are
only a few pilot symbols. To unbias the estimator, (10) has to be
multiplied by (L,.)/(L, — ntL).
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