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Abstract

This paper deals with maximum-likelihood (ML) estimatiohsynchronization parameters for coded
transmission systems. In particular we present a unifieddveork based on both the sum-product (SP)
algorithm and the expectation-maximization (EM) algaritfor the design of iterative synchronizers. The
proposed approach is shown to encompass some known ieestichronizers. In particular, we revisit
a previously-proposed framework based on the EM algorithiy by means of our "SP-EM” approach.
The performance of the proposed synchronization methodsessed in terms of mean square error and
bit-error rate by simulation results. In particular, we sigier the joint synchronization of the timing

epoch and the carrier phase offset in the case of convohalljeooded and turbo-coded transmissions.

INTRODUCTION

In digital communications the purpose of any receiver isaaordase as much as possible the number
of wrong decisions made on the transmitted data. In thatesémes optimal receiver is the one which
minimizes the probability of making an error on the transaditbits. Unfortunately, the practical imple-
mentation of such a receiver often turns out to be far too dexafhis issue has led to an increasing
interest in iterative algorithms approximating the optimeceiver. In particular, the so-called “turbo
principle” discovered by Berrou and Glavieux [1] has beeovah to exhibit excellent performance
when applied to various receiver tasks: joint decoding afcetenated codes, joint demodulation and
decoding [2], etc. Although obviously powerful, this priple has not yet been placed into a strong

mathematical framework. Recently, graphical models haweelwer been proposed to give an insight into
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the convergence of these iterative algorithms. In pawiculactor graphs [3] and the associated sum-

product (SP) algorithm have been shown to enable a partigutieén derivation of iterative algorithms.

In addition to detection and decoding, a receiver has alsestonate a number of synchronization
parameters in order to work properly. Most common synclzaion parameters are the carrier phase
offset, the carrier frequency offset, the timing epoch, étca burst transmission system, most of the
classical synchronizers are derived from the maximumiitiked (ML) criterion and usually work in
data-aided (DA) or non-data-aided (NDA) modes [4]. DA symoctizers lead to expenses in terms of
bandwidth and power and should therefore be avoided in ipeaets much as possible. Conventional
NDA estimators [4] are based on some approximations of thg)ikelihood function and therefore do
not compute the actual ML solution. Moreover, NDA estimatdo not exploit any knowledge about the
error correcting code which may be used for the transmisgionsystems operating at low SNRs, these
synchronizers may then fail to provide reliable enoughnesties of the synchronization parameters and

lead therefore to bit-error-rate (BER) degradation.

An idea proposed by several authors in order to deal with tbhblems related to the NDA nature of con-
ventional estimators is to implement iterative synchrersawhich take benefit from the soft information
available at the decoder output in iterative receivers. Syclchronizers are then expected to get closer to
the performance of a true ML synchronizer exploiting theeckdowledge. This approach is often referred
to asturbo-synchronizationMost of the turbo-synchronizers available in the currechnical literature
do not derive from a theoretical framework enabling a syst&nderivation of the synchronization
algorithms. We mention [5], [6], [7] and [8] which are ML-bakst&urbo-synchronization algorithms, i.e.
the proposed synchronizers maximize a "modified” log-ltkebd function which is built by using the
soft information available in the iterative receiver. Inrfiaular, papers [5]-[7] basically follow the same
approach and propose to use the extrinsic probabilitieivettetl by an iterative receiver as symbol a
priori probabilities in the log-likelihood function. Caittution [5] deals with timing estimation whereas
[6] and [7] consider carrier phase recovery respectivelyhim case of a turbo-coded transmission and
a bit-interleaved coded modulation (BICM) transmissian[8] the log-likelihood function is expanded
into a first-order polynomial and the symbol a priori probdieis are approximated by the (so-called)
a posteriori probabilites delivered by the soft-in soft-¢81SO) modules which make up the iterative

receiver.
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Among papers which try to give a systematic mathematicatcagmh to turbo synchronization we may
mention [9] which proposes a framework based on the expestataximization (EM) algorithm [10]. In
particular, the latter framework provides a justificatioritie phase synchronizer proposed in [8]. The EM-
based approach presented in [9] has been applied in seweraibttions, e.g. [11], [12]. More recently,
the good performance obtained by iterative receivers basethe factor-graph representation and the
sum-product (SP) algorithm has led some authors to place symhchronization into this framework. In
particular, in [13] a message-passing phase estimatorsigred by using an approach based on density
evolution. In [14], the authors deal with the design of iterareceivers in the presence of a carrier phase
uncertainty. The proposed approach relies on some approgimaof the messages computed by the SP

algorithm.

In this paper we place the general issue of the synchrooizaii a linearly data-modulated bandpass
signal, i.e. the estimation of the carrier phase offset,ddwier frequency offset, the timing epoch and
the real gain, into the factor-graph framework. We consither case of constant parameters over the
block bursts. Relevant references dealing with time-vayyparameter estimation may be found in the
literature, see e.g. [15] and references therein. Afterinfigaderived the general SP-message update
eqguations, we show that several previously-proposedtiiteraynchronizers [5]-[9] may be understood in
the context of the factor-graph representation. In padaicuve make a connection between the EM-based
synchronization framework proposed in [9] and the SP-basadhsgnization framework considered in
this paper by deriving a synchronization method based oh bw SP and the EM algorithms. The
performance of the proposed synchronizer is compared ghrsimulation results to the performance of

some classical synchronization methods.

The remainder of the paper is organized as follows. In Sectjomnel describe the model and the
notations used in the paper. In section Il we relate the adtimceiver to the ML synchronization
problem considered in this paper. A general formulationhef ML estimation problem as well as some
conventional approaches to deal with its resolution ara tiieen in section Ill. In section IV, we derive
the general SP-algorithm equations for the design of itexati¢eivers in the presence of synchonization
parameter uncertainties. Then, combining both the EM and thal@®Pithms in section V, we show in
section VI that the EM-based framework proposed in [9] may leeved as a particular case of a more
general SP-EM framework. Finally in section VII, we assess thfopaance of the proposed SP-EM

synchronization method in the case of the joint carrier presd timing synchronization.
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. SYSTEM MODEL

We consider a burst transmission system where a sequenceirdbrmation bitsu is encoded by
a channel encoder with code rate The resulting coded-bit sequengeis mapped onto a complex
signaling constellationd of size |.A| and shaped by a unit-energy square-root raised-cosine p(s

with roll-off «.. The resulting baseband signal is

K-1
s(t)= Y arg(t—kT), (1)
k=0

wherea, € A are the transmitted symbolg, is the symbol duration an& is the number of symbols
in the burst. After propagation through an additive-wiaussian-noise (AWGN) channel, the received

signal can be written as

K-1
r(t)=A4 Z apg(t — kT — ) eI muitt) | w(t), (2)
k=0

wherew (t) is the complex envelope of an AWGN with passband two-sidedepspectral density, /2,
A denotes the channel gain,the symbol timing offsety andé respectively the carrier-frequency and
the carrier-phase offsets. The carrier frequency offsetssmumed to be upper-bounded by, i.e.

—Vmazr <V < Vpmag-

In the receiver, after anti-aliasing filtering, signglt) is sampled at a rate of /7 (with 1/7s >

200 + (1 +a)/T) leading to samples

K-1
r(Ty) = apg(ITs — kT — 7) ™40 4y (IT,) . (3)
k=0

Since the sampling rate satisfies Nyquist's criterion [16jsiesr(I7) contains the same information as
the continuous-time signail(¢) and may therefore be used to estimate the unknown paramesanely

the transmitted symbols and the synchronization parasietederlying the received signal.

Il. OPTIMAL RECEIVER AND ML SYNCHRONIZATION

In this section, we briefly replace synchronization in thetegnof the optimal receiver. In particular,
we highlight the optimal-receiver approximation whichdsdo the synchronization operations performed

in most of the receivers.
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Let r denote the vector obtained by stacking observed samglds). The symbol-wise optimal

receiver is the one which enables to minimize the symbolrerobability or equivalently,
ay = argmax p(ag|r), 4)
ag

where ;. is the decision made on transmitted symhbgl Let b £ [A, 7, v,0]T indicate the vector of

synchronization parameters. Probabiliti:; |r) may be rewritten as the marginal of a joint probability:

M%M=AM%mwmmmb (5)

Unfortunately, due to the integration over the unknown $yonization parameters, the computation
of p(ag|r) in (5) is usually intractable and one has therefore to repdpproximations. A common

approach consists in approximatipgb|r) as
p(blr) =~ (b —b), (6)

i.e., one assumes that probability dengitp|r) is concentrated around one point Of course, more-
elaborated approximations can be considered. Howeverayt Ime shown [17] that approximation (6) is
quite accurate as long as the number of available obsengaisolarge as compared to the dimension of

vectorb.

Using approximation (6), the overall receiver complexigmiains very close to the complexity of a
receiver which would perfectly know synchronization paeten values. Indeed, replacing, in (b)fr|b)

by its approximation (6) we come up with

p(ax|r) = p(ag|r, b). (7)

It is then clear from (7) that the only extra complexity ragdi by this approach is the computation of a
proper pointf). This task is referred to as synchronization. Note that aripstatistical information about

b is usually assumed to be uniform, igb) = C** on the domain ob. In that case we have that

p(bfr) ~ p(r[b), (8)

where ~ denotes equality up to a normalization factor. We may tloeesEquivalently search a proper
point b of p(r|b). Note, to avoid confusion, that the received observatiartorer is known and fixed.
Therefore, in the sequep(r|b) is regarded as a function d. Several options are possible for the
choice ofb, see e.g. [17]. In practice, since it exhibits very good gsical properties, most of the
commonly-used synchronizers are based on the maximurtihlioel (ML) criterion. We give a general

formulation of this criterion in the next section.
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[11. M AXIMUM -LIKELIHOOD PARAMETER ESTIMATION

Let a denote the vector of transmitted symbols ke= [ag, a1, . ..,ax_1]7. The problem addressed

in the sequel of this paper is to find the ML estimétg;, of b, that is to say the solution of
bup, = arg mgX{lnp(rlb)}, 9)
where
p(r|b) = p(rla, b) p(a). (10)
a

Probability p(a) represents the a priori knowledge we have about the trateshrsequence. Of course,
this a priori information depends on the kind of transmigsiee are considering. For example, in the

case of uncoded transmission the data symbols are indepteadie equally distributed i.e.
pa) = A" vaedr, (11)

whereas for a coded transmission there is only a suBset AX of all possible sequences which
corresponds to the legitimate encoder output sequencehisitase, the a priori distributiop(a) may
be written as

A~KE VaeRB

p(a) = (12)
0 Va¢B.

Conventionally, transmissions are coded and we are thereémuired to find the solution of (9) given
(12). Unfortunately, the huge number of terms in (10) usuaflakes the direct computation of the
"code-aided” (CA) ML estimate intractable. ConsequentBther than computing the exact CA ML
estimate conventional synchronizers proposed in theatitee [4] are smart approximations of the true
ML solution. These conventional synchronizers may bagidad! divided into data-aided (DA) and non-
data-aided (NDA) synchronizers. More recently, a syncizembased on the EM algorithm [10] has been
proposed in [9] to iteratively compute the exact CA ML sabuti(9) . These different approaches are

developed in more details in the remainder of this section.

Data-aided conventional synchronizers
A common approach to estimate synchronization parametasists in transmitting a sequence of
K,; known symbols (pilots), sayyi, and applying the ML criterion on the observation subsgt

which only depends on the pilot symbols i.e.

~

b = arg m&x{ln p(rpﬂ]b)}. (13)
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In this case, since the transmitted sequence is a priori Rribw likelihood functionp(rpii|b) may be
computed very easily and the corresponding maximizatimblpm becomes therefore tractable. Note
however that the parameter estimate is computed by maxigjzir,;|b) rather than the actual goal
function p(r|b). This approach is therefore clearly suboptimal since thé gfathe observations related
to the data symbols is not taken into account in the compmutadf the estimate. As a consequence an
increase of the estimation quality also implies an increzseither the number of transmitted pilots or
the power allocated to the pilot sequence. Both solutioad te a waste of resources and in practice this

costly approach should be avoided as most as possible.

Non-data-aided conventional synchronizers

As mentioned above, DA synchronizers do not exploit the wlallservation set and lose therefore a
part of the available information. Conventional NDA syrmhizers provide a solution to this problem
by making a different assumption on the transmitted seqgiesdthough the transmission may be coded,
NDA synchronizers assume that the transmitted sequencepitord distributed according to (11) i.e.
all possible sequences are a priori equiprobable. Assumilogv-SNR operating point, approximations
[4] enable to derive closed-form expressions for the edtomaof synchronization parameters. Well-
known synchronizers such as the Viterbi&Viterbi [18] phaséimator and the Oerder&Meyr [19] timing
estimator are based on this approach. These synchronizeifsitexx low complexity and are therefore
well-suited for practical implementation. They are howemet optimal since they are based on both a

low SNR approximation and an uncoded-transmission assampti

Code-aided Synchronizer based on the EM Algorithm

In some systems operating at low SNRs the suboptimality ofexational (DA and NDA) synchronizers
may prevent them from providing parameter estimates whietr@iable enough. This may in turn lead
to important bit-error-rate (BER) degradation. Consedygestate-of-the-art receivers, which operate at
very low SNRs, require methods to accurately estimate spmitation parameters. Recently, an iterative
code-aided synchronizer based on the EM algorithm has begroged [9]. This synchronizer is briefly

presented in this subsection.

The expectation-maximization (EM) algorithm, first defined bymipster, Laird and Rubin in [10],

is an iterative method which falls into the framework of MLtiemtion. This method is well-suited to
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situations where the ML estimation of a given paramétevould be straightforward if some additional
data were known. For example, in the problem we are dealitiy tvé solution of maximization problem
(9) would be straightforward if the knowledge of the trant$ed sequencea was available. In such cases
the observed data vectermay be viewed as beingicompleteand regarded as an observable function
of an extended data setreferred to azomplete data setJsing this formalism the EM algorithm states
that the sequencgb(™ }™ ' defined by

Q(b, b)) = /p(zyr, b™) Inp(z|b) dz (14)

~

bt = arg max Q(b,b(")), (15)
converges under some general conditions [20] to the ML es&n®).
The nice convergence properties of the EM algorithm have ledimber of authors to apply it to

parameter estimation issues in digital communication. drtigular, in the case of linearly-modulated

bandpass signal synchronization, it has been shown in [& tie EM update equations (14), (15)

become:
K-1 R
(7™, +] = arg nﬁx{ ‘ > mp, by g (v, 7))} (16)
' k=0
~ K_l ~
o = arg{ > (e, B (90, %W)} (17)
k=0
A _ | Yo mi(r, b Y) gy (0, 7)) (18)
ZkK:Bl Pk(r, b(nil))
where o
y(v,m) 2 / r(t) e 7™ g(t — KT —7) dt, (19)
=T, > r(Ty) e /™) (T, — kT — 1), (20)

!
i.e.yx(v, 7) is the matched filter output computed at tikfiE-+7 assuming a frequency offset Notations

ne(r, b*=D) and p,.(r, b)) denote the first and second order moments of sympagiven current

estimateb(™1) and observation vectar i.e.

(e, 57 D) 23" a play, = alr, B ) (21)
a€A

pr(r, B D) = 57 afp(ag = alr, B V). (22)
a €A
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As mentioned above, the sequer‘{d?e(”)}zozo will converge (under some conditions) to the solution of
the ML problem (9) given (12). In other words, the solutiomguted by the EM-based synchronizer is
code-aware, i.e., takes benefit from the sequence a priarinration related to the code structure. Note
however from (21) and (22) that the implementation of an Eldegkaiterative synchronizer requires the
evaluation of marginal a posteriori probabilitipéa;,|r, b*~1). In the case of a convolutionally-coded

transmission, these a posteriori probabilities may be efittf computed by means of a BCJR algorithm
[21]. However, in the general case, the computation of tleegesteriori probabilities is unfortunately

intractable. A common approach [9] in iterative receiveahigists therefore in using as a posteriori
probabilities, the probabilities, saja|r, b("~1)), delivered at the output of the constituent soft-in soft-
out (SISO) modules. Note that since these probabilities arreaual to the true a posteriori probabilities,
the nice convergence properties of the EM algorithm may ngdome ensured. In section VI, we will

give a justification to this approach by showing that the EMeblasiathematical framework proposed in
[9] may actually be viewed as an approximation of a more gdrfesmework based on both the SP and

the EM algorithms.

IV. CODE-AIDED SYNCHRONIZATION BASED ON THEFACTOR GRAPHS AND THE SUM-PRODUCT

ALGORITHM

In this section, after a short introduction to the factorpraepresentation and the associated SP
algorithm, we place the issue of the receiver design in thesece of synchronization parameter

uncertainties into the factor-graph framework.

Factor Graphs and the Sum-Product Algorithm

Let vy, v9,...,v, denote a collection of variables and lgtv;,vo,...,v,) denote a global function

which may be factorized as

g, vs, ) = [ filvg,) (23)
J
wherevg, are sets of elements frofw, v2, ..., v, }. In many applications we are interested in computing
efficiently the marginal functions of(vy, vo, ..., v,) i.e.
g(vi) = Y g(v1,v2,..., ) (24)
~{vi}

where the notation- {v;} denotes the summation over all the variablesipuFactor graph representation

and the associated sum-product (SP) algorithm [3] providenargé framework to efficiently solve this
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10

problem.

A factor graph is a bipartite graph which expresses the sirecof the factorization (23). A factor
graph has a variable node for each variahlea factor node for each functiofy and an edge connecting
variable nodey; to factor nodef; if and only if v; is an argument of;. The SP algorithm is an efficient
procedure which enables to compute (either exactly or aqupiately) the marginals of a global function
by passing messages along the edges of the correspondiog fmaph. Denoting byu,, .y, (v;) the
message sent from node to nodef; and by, .., (v;) the message sent from nodeto nodev;, the

message computations performed by the SP-algorithm may bessqal as follows:

o) =TT s (w) (25)
hen(vi)\{f;}

pg—, (0) = Y (fj(vcz,-) 11 Myﬂfj(y)> (26)
~{vi} yen(fi)\{v;}

wheren(q) denote the set of neighbors of a given nadm the factor graph. In [3], it is shown that if
the factor graph is finite and cycle-free, the SP algorithm aampute in a finite number of steps the
exact marginals of the function that the graph representssdmarginals are equal to the product of the
messages entering each variable node. If the graph hascyetssage updates along cycles lead to an
iterative algorithm with no natural termination. In thissea it can no longer be proved that the results
delivered by the SP algorithm are exact. The SP algorithm mayagr mot perform well, depending on

the chosen code structure, block length, SNR, etc.

Suboptimal Iterative Receiver based on the SP algorithm

As mentioned above, the sum-product (SP) algorithm is a megsagsing algorithm which operates
on factor graphs and enables to exactly or approximatelypcoenmarginals of the function that the
graph represents. In this section we show that the factgkgframework and the SP algorithm may be

used to design iterative suboptimal receiver in the preseficinknown synchronization parameters.

Let us first observe that both the objective functions of mazatidon problems (4) and (9) may be

written as

plaglr) ~ Y plr,ab)
~{ar}

p(r/b) ~ > p(r,a,b)
~{b}
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11

e., it may be regarded as the marginal of a global functigna, b). Marginal probabilities(ay|r) and
p(r|b), or rather an approximation of thégrmay therefore be computed by applying the SP algorithm
to the factor graph associated with probabilitiy, a, b). This factor graph is represented in Fig. 11 by

noticing that

p(r,a,b) ~ p(r[a, b) p(a).
Note that probabilityp(a) may be factorized according to the code and the mapping véhielconsidered

for the transmission (see Appendix A for more details). Hasvefor the sake of generality we do not

explicitly represent the factor graph associated with) in Fig. 11.

If a coded transmission is considered, the dependence éetvaeled bits introduces cycles in the graph
represented in Fig. 11. As mentioned in the previous seci@gnsequence of the presence of cycles in
the factor graph is that the application of the SP algorithatseto an iterative algorithm with no natural
termination. It is therefore required to define a messagshpgischedule which specifies in which order
the messages are updated. Denoting@S‘/Lp (resp.ué@ak) the message passing from variable nage
(resp. factor node(r|a), b) to factor nodep(r|a), b) (resp. variable node;) at iterationm, we define
the following message passing schedule: at each |teratessage$taklp are first updated by applying
the SP algorithm on the lower part of the factor graph in Fig..d., by exploiting the code structure
underlying the transmitted symbols sequeac@ew messageﬁg,"lti) are then computed by taking into

account updated messageglp.

Using SP algorithm update rules, messa,ggﬁfa:)may be expressed as follows:

gk () ~ D plrlagb) Tl (a) 27
N{ak} l;ﬁk
Denoting byu(mH) the message entering synchronization nbgeve also have
) (b) ~ ~2_ plrla,b) Huaﬁp (28)

As mentioned above, if the graph contams cycles, the ptsdocthe messages entering the variable
nodes are an approximation of the marginals of the functiahthe graph represents. Therefore, message
upfgl) (resp. u,()"lz,f) uaTI}, ) will give, at each SP iteration, an updated approximatioaaéial marginal
p(r|b) (resp.p(ax|r)). Maximization problem (9) (resp. (4)) may then be appraded by maximizing SP

messagea(m“) (resp. M(Tﬁi;l) uamil)) rather than the actual objective functipfr|b) (resp.p(ay|r
p—b P k kD

'because the factor graph pfr, a, b) usually contains cycles.

June 27, 2006 DRAFT



12

SP-Based Synchronizers: A Simplification of the SP Algorithm

The implementation of the SP-algorithm update equations isctmoplex. Indeed, using Bayes rule,

let us rewrite messagepﬁfgi
e o) (ax) ~ /b p"™ (axlr,b) p"™ (r|b) db (29)
where
) ) & bt P10 Tl 2 1) o)

S ap(rla,b) [Ty 16 p (@)
Zp (rla,b) [ 1&m (@) (31)

I#k
From (29) and (31) we may first notice that a different mesgéﬁ‘é(ﬂb) has to be computed for each

k. Moreover, the integration operation required in (29) dossally not have an analytical solution.

A first approximation on the SP messages consists therefongpiro@mating message (31) by

Zp rla,b) Huaﬁp

— W (b), (32)

i.e. in taking into accourall the messages arriving at noger|a, b). This approximation is motivated by
the fact that, since the number of messages arriving atrfacidep(r|a, b) is typically large, the effect
on pk ( |b) of an additional factopaﬁp(ak) will almost be negligeable. Making this approximation,
we see that probabllltyo ( |b) no longer depends on indéxand has therefore to be computed only

once. Plugging (32) into (29), we then get

D (ay) / U (alr, ) "4V (b) db. (33)

Note the similarity between (5) and (33). The latter is eqoalhie former in which probabilities have
been computed by considering the messages entering faadep(x|a, b), i.e. Mfﬂip, as symbol a priori

probability.

As mentioned above, the integral over the synchronizatamarmpeters in (33) does not have any simple
analytical solution. In practice, we have therefore to resm some approximations on messa@(p@_‘gb.

In particular, M(m) may be approximated by a sample list i.e. by a funcm&é , defined as

b
fiy"(b) ZupﬂbA 5(b — b™), (34)
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Wheref)gm) denotes the” sampling point oful(ﬁ)b. Note that approximation is usually accurate [17] if
the frame length is large enough with respect to the dimeasity of b. Doing this approximation, the

integral in (33) reduces to a finite sum. Sampling poﬂ%igl) may be computed in a variety of ways
leading to as many different algorithms. For example in thaetext of carrier phase synchronization,
the authors of [14] consider both the cases of equally-spaeenpling points and the case of sampling

points computed thanks to a patrticle filter method.

In this paper, we will assume that the ambiguity problemstesl to synchronization parameter
estimation, i.e., e.g. the frame synchronization or thespkambiguity resolution, are perfectly solved.
State-of-the-art algorithms to deal with these problems b&afound in [22], [23]. The resolution of these
problems actually reduces the possible range for the sgnctation parameter values. For example, if
the frame synchronization problem is perfectly solved, we ensured that-0.5 < 7 < 0.5. On this

limited range, messagm‘ez(fi)b has only one maximum and may be well-approximated by

A", (b) = 6(b — b)), (35)

as long as the frame length is large enough with respect tdithensionality ofb [17]. Note that approx-
imation (35) is consistent in the context of synchronizatiince it is the same kind of approximation,

i.e. (6), which justifies the synchronization operation ictse .

Using approximation (35), we have to compute at each SP iterat representative poirti™ of
messagwé"l)b(b) according to some criteria. A common criterion consistsdnsidering the maximum

of the distribution i.e.

b = arg mgx ,u](:i)b(f)). (36)
As long as the approximatiop;ﬁtl)(b) of p(r|b) improves at each SP iteration, we may expect the

sequence of estimatds™) to get closer and closer to the ML solution (9). Note howebet,talthough

the efficiency of the SP algorithm has already been shown in abeumf scenarios, its convergence
to the actual marginal probabilities is not ensured whencdasidered factor graph has cycles. As a
consequence, no theoretical conclusions may be drawn #hb®wonvergence of this approach. Instead,

the powerfullness of this approach will be shown throughusation results in section ViII.

V. SYNCHRONIZATION BASED ON A COMBINATION OF THE SPAND THE EM ALGORITHMS

In the previous section, we show that iterative synchrasizeay be designed by using the factor-

graph representation and the SP algorithm. In this sectieremphasize that several synchronizers [5]-[9]
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previously proposed in the literature may be understoodhénfactor-graph framework. In particular, we
show that the EM-based synchronization framework propas¢é]imay be viewed as an approximation

of a more general framework based on both the SP and the EM thigori

Let us first observe from (36) that the computation of the nevelsgonization parameter estimaié™
requires to solve a maximization problem at each SP iteratiofiortunately this maximization problem
can usually not be solved explicitly. Therefore, the sohtimf (36) has to be computed by means
of iterative numerical methods. Since the SP algorithm idfitiserative, the overall synchronization

algorithm then becomes doubly iterative.

In [14] for example, the authors solve maximization problé36) in the context of carrier phase

synchronization by using a gradient method i.e.

b(mn) = pmn=l) 4 \ (8“ f(’@?(b)> : (37)
b [y

whereb(™") denotes the:!™ estimate generated by the gradient method attHeSP algorithm iteration

and )\ is a step parameter which influences the convergence of thedhébo small\ may slow down the

convergence whereas too larydeads to divergence. Note that the implementation of a gradnethod

requires the computation of message derivatives. Morediverconvergence of the method requires the

determination of a proper step parameterwhich depends on both the SNR and the considered SP

iteration.

In this paper, we propose to solve the intermediate maxtmizgproblem (36) via the expectation-
maximization algorithm. As observed from section Ill, the EMximization method requires neither the

computation of the message derivative nor step-paramaeténg.

Let us first emphasize that messaéﬁ)b may be regarded as a likelihood function. Indeed, consideri
(28) we see that this message may also be rewritten as

uV (b) =37 p(rlb,a) p™(a), (38)

a
where p(™)(a) £ T[], 1™, (a;). Comparing (38) and (10), we may then notice that mesaéﬁéb
has exactly the same structure as the actual likelihoodtibmg¢10). However, instead of considering

the actual symbol a priori informatign(a), a modified a priori informatiop(™ (a) is considered in (38).
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As mentioned in section Ill, maximume-likelihood problemencbe solved efficiently by means of the
EM algorithm. Since (38) has the structure of a likelihood fimt the EM algorithm may be applied at
each SP iteration to compute the estimht&) which maximizesM;”_‘?b. Due to the similarity between
objective functions (10) and (38), the application of the Elgloathm to the ML problem (36) leads to
the same update parameter expressions as those defined,i(lL{)6)18). However, due to the particular
factorization of a priori probability)(™ (a), the computation of the required a posteriori probabitie
p(m) (ak|r,f)) is far more straightforward. Indeed, noticing that the rhattfilter outputs are sufficient

statistics for symbol detection, we may first write that
p(™) (aglr, B(mm)) - p(m)(ak,y’ f)(m,n)%

whereb(™") represents the!" estimate generated by the EM algorithm at th& SP algorithm iteration
andy is the vector made up with matched filter outpyi$v, 7). Using Bayes rule, we get
P (aglr, M) ~ S p(yla, bU) ptm (a).
~{ax}
Finally using the definition 0p(™ (a) and taking into account that the noise which affects the heate
filter outputs is white, we get
P (aglr, b)) ~ " T p(wilar, B ™) (ar)
~ p(yklag, D) ul™) (ay). (39)

A posteriori probabilitie™ (a|r, b)) may therefore be simply computed by evaluating a Gaussian

density and multiplying it by messagé&™.,.

Note that the derivation of the SP-EM synchronizer does notmteppa the considered transmission
scheme. The general SP-EM framework presented in this sectigrihaeefore be properly extended to

the estimation of a wide range of parameters in various n&gsson schemes.

VI. COMPARISON OFSP-EMAND EM SYNCHRONIZERS

In this section we compare the EM-based synchronization edgihesented in section Il to the SP-EM
synchronizer introduced in the previous section. In paldic we emphasize that the previously-proposed
EM-based synchronization framework may be encompassedeimitre general framework based on
both the EM and the SP algorithms. The connection between the EMhenSP-EM synchronizers is

shown in the case of a convolutionally-coded and a turbaddhnsmissions in the first two subsections.
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Then, in the last subsection, we briefly address the compuogdtmomplexity of these synchronization

methods.

Convolutionally-coded Transmission

The operations performed in the case of the EM and the SP-EM symizbrare respectively summa-
rized in Fig. 1 and 2. In the sequel, to avoid confusion, we wefer to the EM algorithm implemented
at each iteration of the SP algorithm as EMvhereas the EM synchronizer presented in section 111 will

simply be denoted by EM.

Let us first focus on the EM-based synchronizer. As mentionedegabibhe implementation of this
iterative synchronizer requires the knowledge of postgpimbabilities p(ay|r, b™1). In the case of
a convolutionally-coded transmission we may take benefinftbe Markov structure underlying the
transmitted signal to compute these posterior probadslity means of the BCJR algorithm [21]. The

EM synchronizer may then be implemented in an exact fashion.

Regarding the SP-EM approach, messq@fﬁip required for the implementation of the synchronizer
may be computed by applying the SP algorithm to the factor lgragsociated with the code and
the mapping used for the transmission. In the appendix, wevedéhe code-mapping factor-graph
representation and we emphasize that applying the SP &lgotit this graph is equivalent to performing
a decoding operation by means of a BCJR algorithm, i.e., agesspassed by the SP algorithm along
the graph edges are the same as those computed by a BCJR rdek®de consequence, messages
ung,p are actually equal to the so-called extrinsic probabditie(a;) delivered by a BCIR decoder.
In particular, denoting byboiq the estimate computed at a given iteration, we have thatepost
probabilitiesp(a|r, Bold) used by the EM synchronizer and extrinsic probabilitig&a;) used by the

SP-EM synchronizer at the next iteration are related according

plagr, Bold) ~ p(yk| ak, Bold) Pelak)- (40)

Using then (39) and (40) we may notice that the SP-EM synchrodigiined in Fig. 2 reduces to the EM
synchronizer defined in Fig. 1 if only one Ejliteration is performed at each SP iteration. The proposed
SP-EM synchronizer may therefore be seen as a generalizatitime greviously-proposed EM-based

synchronizer.
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Turbo-coded Transmission

The previous subsection addresses the implementation oENhend the SP-EM synchronizers in
a receiver which enables the exact computation of a positgsiobabilities p(ag|r, b™~1). In this

subsection we consider the implementation of these iteratynchronizers in a turbo-coded system.

Let us first consider the EM synchronizer. As mentioned in Seclibna posteriori probabilities
plag|r, b 1) required to implement the EM synchronizer are not availablgtirbo receivers. A
common approach to deal with this problem is to approximhtse probabilities by the so-called a
posteriori probabilities(a|r, B(”—1>) delivered by the SISO modules constituting the turbo receiver
Making this approximation, the EM iterations are merged wiie turbo ones and the implemention
of the EM-based synchronizer does therefore not increasefisantly the receiver complexity. Note
however that the approximation on posterior probabilitiesnade without any guarantee of its validity.
In particular, we are no longer ensured that the nice coeverg properties of the EM algorithm still
hold. In the sequel of this section we show for the case oflzoteoded transmission that the EM-based

approach may be viewed as an approximation of the proposed SBy&thronizer.

Let us now focus on the SP-EM synchronizer. Using turbo-codeifacaph, messag@éTlp required
by the SP-EM synchronizer may be shown (see Appendix) to besdetatextrinsic probabilitiepg")(ak)

andpg’?)(ak) delivered by the two SISO decoders at iteratioras

(m) I (ax) pi™ (a)  for systematic bits

Py Lop =
e pg”) for parity bits from encodef.

(41)

Notice to avoid confusion that, due to the particular mesgaassing schedule chosen in section 1V,
one turbo iteration corresponds to one SP algorithm iteratdote also that extrinsic probabilities
pg’f)(ak) and pg’f)(ak) are related [1] to the pseudo a posteriori probabili@?&ésk|r,ﬁold) used by

the EM synchronizer according to

p(yklan, Do) p™ (ar) p™ () for systematic bits

]3(6%‘1‘7 lA)old) ~ (42)

p<ykyak,601d)p£’j‘) (ak) for parity bits from encodet
wherel?)old denotes an estimate computed at the previous turbo iteraiomparing then (42) to (39) by
taking (41) into account, we may observe that SP-EM algorithduces to the classical EM approach
if only one EMgp iteration is performed at each SP iteration. Let us howevastimm the fact that the
SP-EM synchronizer is not a trivial extension of the EM syncl@enii.e. the iterative nature of the

SP-EM synchronizer (at a given turbo iteration) cannot befjadtiby standard EM arguments.
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Note also that the method proposed by Zhang et al. [5]-[7] mayuhderstood in the factor-graph
framework by the previous reasoning. Indeed, the autho[S]df/] use extrinsic probalitities as a priori
probabilities to build a (modified) likelihood function. Théjective function that Zhang et al. propose
to maximize at each iteration is therefore very similar te time derived from the SP algorithm; the only
difference being that, instead of using (41), Zhang et aly ask the extrinsic probability from the second
decoder as a priori probability of the corresponding syste&rbit. The maximization method proposed
in [5]-[7] implies approximations on the likelihood funeti (33) whereas in this paper we propose to

perform the maximization of (33) by means of the gMalgorithm.

Comparison of synchronizer complexity

In this subsection we briefly discuss the computational ceripl of the receiver when it is syn-
chronized by either the EM or the SP-EM approach. Tab. | contairigh evaluation of the number
of additions and multiplications required to performed Hasic receiver operations. These numbers are

discussed and explained in the remainder of the subsection.

a) Demapping/DecodingThe computational complexity of the demapper and the decodsr be
evaluated by considering message update equations (87),(4®) and (51) in the Appendix. In Tab. I,
@ denotes the memory of the code aRd is a factor whose value depends on the kind of code which
is considered for the transmissiofi’, = 1 for a convolutional codeK, = 2 for a turbo code. Results
in Tab. | represent the number of additions and multiplaai required for one demapping/decoding
operation. If the considered receivers are iterative aleepressions have to be multiplied by the number

of iterations, sayNge, which has to be performed to achieved the required perfocma

b) Synchronization:Since it has been shown that the EM synchronizer is a particalse of the
SP-EM approach, we consider in Tab. | the number of operatiansresl to perform on&Mgp iteration.
If we perform severaEMgp iterations at each SP iteration, sai/™, results in Tab. | have simply to
be multiplied by NZ.

Notations N{,,. and Ny;, represent the number of additions and multiplications Wwhiave to be
performed to compute one matched-filter outputy, 7) at eachEMgp iteration. These parameters vary
as a function of the considered synchronization paramktghe case of the channel gain or the carrier

phase offset estimation, the matched-filter outputs do nes k@ be recomputed at ea&Mgp iteration
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and thereforeNy,, = 0 and N}, = 0. For timing estimationy(v,7) may be computed by using
an interpolator operating on a sampled version of the maditditter output [4]. In this caseNj, and
Ny} depend on the considered interpolator. In gene¥gl;,, ~ 4 and Ny}, ~ 4 enables a sufficient
accuracy for the considered SNRs. Finally, in the case ofarafrequency estimation, matched-filter
outputsyy (v, 7) should in theory be recomputed at each iteration from recesamples: (k7). In that
case, Ny, and Nj;» may be quite large (around 20). Note however that this ojeramay be avoided

if v << 1, in which caseN{,. = 0 and N7 . = 0 (See [4] for more details).

From (16)-(18), we may also notice that the timing or the feagpy offset estimation require to solve

a maximization problem. Notation&? . and N,

max max

in Tab. | represent the number of additions and

multiplications which have to be performed to solve thesimiation problems.

c) Overall Receiver Complexityln the evaluation of the receiver overall complexity, we yonl
consider the number of required multiplications since tipgration is much more complex to perform
than an addition. Combining the operations required for agnng/decoding and synchronizing in Tab.

I, we get

Nee {K\A\ (log? |A| — 1) + K.K log, |A| (293 R + 2)

Demapping/Decoding

+ Niclifech?]\/] |:K(N]\n}F + 2) + N;nnax . (43)

Synchronization

In (43), the underbraces indicate how each receiver tasktafthe overall receiver complexity. It is clear
from (43) that increasing the number 8Mgp iterations, i.e.N;tEM, will increase the complexity of
the synchronization part. However, this increase of theclsgonization complexity may be compensated
by a reduction of the number of SP iterations, ¢, required to achieve some given performance.
Actually, the optimal number oEMgp iterations which should be performed at each SP iteration to
minimize the overall receiver complexity depends on thesm®ered code, synchronization parameters to
estimate, etc. The optimal tuning of parametéf? is however beyond the scope of this paper and will

therefore not be considered hereafter.

VIl. SIMULATION RESULTS

In this section we illustrate the performance of the EM and $IiReREM synchronizers by means of

simulation results. We consider the synchronization ofdagier phase offset and the timing epoch in
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the case of a convolutionally-coded and a turbo-coded messson. The carrier frequency offsetand
the channel gain are assumed to be known. The system perfoensmassessed in terms of mean square
error (MSE) and bit-error rate (BER).

Note that, depending on the considered message-updatdusehthe SP-EM approach may lead to
two slightly-different algorithms. Indeed, at the first aéon we may either update messaggs_.,, first
by taking into account an initial estimat&®) or compute an estimate() first by taking into account
initial messagemé?c)_)p. Both approaches will be considered in sequel: the appraaethich we first
update the parameter estimate will be referred to as SP-EMleabdhe approach in which we first
perform a decoding operation will be referred to as SP-EM2. Ntde that the SP-EM approaches are
parameterized by the number of EMiterations performed at each SP iteration. In the sequel vle wi

use the notation SP-E{W} to indicate thatN EMsp iterations are performed at each SP iteration.

Convolutionally-coded Transmission

We consider a raté/3 non-systematic convolutional (NSC) encoder with generadtynomials(25, 33, 37)s.
At the receiver we consider a BCJR decoder. THg Ny-ratio is set t02.5dB. Transmitted frames
consist of 252 QPSK symbols. The roll-off factaris equal t00.2. The carrier phase offsét and the
timing offsetr are assumed to be uniformly distributed respectively onitkerval [—0.57",0.57"] and
[—7/4,7/4], and they are changed for each new transmitted frame. Aliténative synchronizers are
initialized with a phase and a timing estimate respectivaynputed via a Viterbi&Viterbi (VV) [18]
and an Oerder&Meyr (OM) [19] synchronizer. We assume thal loe frame synchronization and the
phase ambiguity problems are perfectly solved i.e. at e@echtion the timing estimate is constrained

to be such thatr — 7| < 0.57 and the phase estimate is such tftat 6| < 7 /4.

Fig. 3-5 illustrate the speed of convergence in terms of MSEBRHIR when the system is synchronized
according to different methods. The BER performance is reptes versus the number of multiplications
performed by the system (see (43)). The MSE is representedsvéise number of decoding operations.
The iteration labeled(” in the MSE plots represents the estimation quality which deieved before
entering the decoder for the first time. Let us consider the MSkieaed by the synchronizers at
this iteration. On the one hand we see that the EM and the SP-EMhmyrizers exhibit the same
performance as the conventional NDA synchronizers. Indéeese synchronizers do not update the

parameter estimate before entering the decoder and thersiimply deliver the same estimate as the
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Viterbi&Viterbi and the Oerder&Meyr synchronizers. On tbiner hand, we observe that the SP-EM1 is
able to improve the MSE before performing any decoding operatn fact, at iteratiord) the SP-EM1
tries to solve a ML NDA problem by means of the EMalgorithm. Indeed, a common approach to

initialize messageﬁ,(l?_)p is to choose

M((I(Z,Lp(a) =1/M VaceA, (44)

i.e. to assume that all the transmitted symbols (and comseiyuall the possible transmitted sequences)
are equiprobable. Comparing this assumption with (11), @etkat the function (33) maximized by the
SP-EM1 algorithm at iteratio is nothing but the NDA likelihood function. The differencetleen
the SP-EM1 performance and the conventional NDA synchronieefopnance represents therefore
the performance degradation due to the approximation orctwhre based the Viterbi&Viterbi and
the Oerder&Meyr synchronizers. We see that the Viterbi&kbi operates very close to the ML NDA

performance whereas the Oerder&Meyr leads to more degoadat

We may also notice that, at the considered low SNR, the coioreitNDA synchronizers operate
quite far from the modified Cramer-Rao bound (MCRB) [24] andmnid enable to recover the same
BER as the perfectly-synchronized system. The consideredtiite synchronizers enable to reach both
the MCRB and the BER of the perfectly-synchronized systewr atsufficient number of iterations. We
may notice that the SP-EM approaches enable to slightly dectbasreceiver complexity: the BER of
the perfectly-synchronized is achieved with less mult@iong when using the SP-EM synchronizers

than the EM synchronizer.

Turbo-coded Transmission

In this section we deal with the joint phase and timing syoonimation of a turbo-coded transmission.
We consider a turbo encoder which consists of two ta&2-RSC encoders with polynomial generators
(37,33)s, separated by an interleaver. The turbo encoder output istyed so that the overall code rate
is 1/2. The roll-off factora is set t00.1. This choice fora is quite agressive for timing estimation but
will allow us to clearly emphasize the difference betweendbmpared synchronizers. Note however that
larger values of the roll-off factor attenuate the diffezeitbetween the different synchronizer performance.

Transmitted frames consist of 512 BPSK symbols. The timing dedphase offset are changed for

2In our simulations, maximization problem (16) is solved via a Newton-Raphsethod and required derivatives are evaluated
numerically. ThereforeN;» =5 and N, ~ 3K(Nyir + 2), Q = 4 andlog, |A| = 2.
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each new transmitted frame and are assumed to be uniforsilgbdited respectively of-0.57",0.57]
and on[—7/2,7/2]. We assume that the frame synchronization and phase arybiguiblems are
perfectly solved, i.e., at each iteration the timing and pinase estimates are constrained to be such

that |7 — 7| < 0.57 and|f — 0| < /2.

Fig. 6 and 7 respectively show the MSE for timing estimation #rel BER achieved with different
synchronizers versus they,/Ny-ratio. In addition to the iterative EM and SP-EM synchronizevs,
consider the conventional Viterbi&Viterti and Oerder&Megynchronizers. We perform 10 turbo iterations
and the iterative synchronizers are initialized with mlitestimates computed by the OM and VV
estimators. The behavior of the MSE associated with phaseasin is similar to the one of timing

estimation and is not shown here.

As in the case of a convolutionally-coded transmission, vay mbserve the large gap between the
MSE achieved by the iterative synchronizers and the MSE aetliby the conventional OM estimator.
As mentioned above, this difference may be explained by tB& Nature of the OM synchronizer and

the fact that it relies on a low-SNR approximation of the aktikalihood function.

Note also from Fig. 6 that SP-EM1 and SP-EM2 outperform the claskiakynchronizer whatever
the E},/N,-ratio and reach the MCRB for sufficiently-high SNRs. The cosicdns drawn for the MSE
may be translated in terms of BER. We see in Fig. 7 that the OM waidibits the poorest estimation
quality also leads to the largest BER degradation. The SP-EMibagproaches which reach a very
good estimation quality also enable to achieve a BER veryectosthe performance of the perfectly
synchronized system. The EM synchronizer improves the BER mggpect to the OM synchronizer but
does not recover the performance of the perfectly syncheansystem after 10 iterations. We will see in
the sequel that this gap is due to the slow convergence of the\&Eghronizer. In Fig. 8-10 we illustrate
the speed of convergence achieved by the system with diffesenchronizers. The MSE is represented
in Fig. 8-9 versus the number of turbo iterations. Again,atien “0” represents the MSE achieved by
the synchronizer before performing any decoding iteratidme BER is illustrated in Fig. 10 versus the

number of multiplications required by the system. The car&d E}, /Ny-ratio is equal ta2.5dB.

Let us first focus on the performance in terms of MSE. Concernirgg@lestimation, we may notice
that the performance achieved by the VV synchronizer is \doge to the MCRB. Unlike the VV

synchronizer, the OM synchronizer performance is quiteffam the MCRB and therefore prevent the
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convergence of the turbo decoder as shown from the BER figurainAg is clear that the iterative
receivers enable to improve the estimation quality and tl&RH is reached for a sufficient number of
iterations. We may note the importance of the initial estenshe better the initial estimate, the faster
the convergence (in terms of turbo iterations). The SP-EM1 a&gbraloes therefore always outperform
the SP-EM2 approach. Notice also that the system convergeratetie faster as the number of EM
iterations performed per SP iteration is larger. In paricuthe EM synchronizer which is actually

equivalent to the case SP-ENI2 exhibits a very slow convergence.

Note, however, that increasing the number of &eMerations also increases the complexity. This may
be visualized by means of the BER plot in Fig. 10. We see thae@®ing the number of Ejs iterations
performed per SP iteration decreases the overall systemlegitypup to a pointi) the EM synchronizer
(which is equivalent to the case SP-EM2) has the poorest performance and requires a huge number
of multiplications to achieve the BER of a perfectly-synafived systemii) the SP-EM synchronizers
enable to reduce the number of required multiplicationswéler, performing 5 ENp iterations per SP
iteration seems to lead to better performance than perfgyrhb EMsp iterations. In fact, the additional
complexity introduced by the SP-EM5} is not compensated by a sufficient deacrease of the BER. In
other words, the SP-EM} makes the best compromise between the numb&Nd§p and SP iterations

to perform.

VIIl. CONCLUSION

In this paper, we place the synchronization of a digital isegeinto the factor graph and the sum-
product (SP) algorithm framework. General equations areveldiand some previously-proposed iterative
synchronization methods [5]-[9] are shown to have an imegtion in the factor-graph framework.
In particular, we propose an iterative synchronizationmieavork based on both the SP and the EM
algorithms. We then emphasize that a previously-proposedtive synchronizer based only on the EM
algorithm [9] may actually be viewed as a particular casdef$P-EM synchronization method proposed
in this paper. The performance of the proposed synchronszénally assessed in terms of mean-square
error and bit-error rate for convolutionally-coded andbtaicoded transmissions. It is shown in the case
of joint phase and timing estimation that the proposed aggramutperforms classical synchronization

methods.
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APPENDIX

In this appendix we develop the factor graphpgé) in different scenarios. Transmitted symbals

result from a coding and a mapping operation. Taking this ifsto account we may rewritg(a) as

= p(alx) p(x, ). (45)

Factorp(a|x) relates the coded bits to the transmitted symbols and atsdlerefore for the mapping
operation. Factop(x,u) accounts for the relation between the input and the outptii@fdecoder. We

consider separately the factor-graph representationesfetiwo factors.

Mapper

Denoting byx; the group of coded bits mapped onto symbg| we have that probability(a|x)

simply writes
plax) = [ {ax = out(xs)}, (46)
k

wherel{-} denotes the indicator function, which is equal to 1 if thetesteent between the braces is
true and equal to O otherwise, andt(x;) corresponds to the mapper outputif is input. The factor
graph representation of one factor of (46) is shown in Fig.Oehoting byuz, s, (resp.uys,—z, ,) the

messages outgoing (resp. entering) coded-bit nodes, we hav

Hfr—ay (ak) = Z H{ak = OUt(ik)} H Kz, i — fr (i‘k,i% (47)
~ag A
K fro—a (iak,j) = Z H{ak = Out(ik’)} Hay— fi (ak)
Ni'kwj
X H Kz, s — f (‘i‘k,i)a (48)
i#]

whereZy, ; is the j** bit of transmitted symbody,.

June 27, 2006 DRAFT



25

Convolutional Code

We now consider the factorization of probabilityx, u) in the case of a convolutional code. Let us
first notice that the output of a convolutional code may be nagh as the output of a Markov process.
Defining then vectos = [sg, s1, ..., s;]7 as the vector of state variables in the Markov model, we may

write p(x,u) as follows:
p(x,u) =Y p(s,x,u),
= Z]I{so =0} HH{SZH — (ug, 81)}
~S l

x I{x; = out(uy, s;)} (49)

where functionout(u;, s;) corresponds to the coder output for inpytand current state;. The factor
graph representation of one factor of (49) is shown in Fig.U8ing the message notations from Fig.
13, we have that the message entering the coded-bit nodeidd &q
pma s (mg) = Y 0u(s0) Bror(si01) [ [ - (@0
~T,j i#£]

X I{s;41 «— (ug, 81)} I{x; = out(uy, sp)}, (50)

where z;; denotes the'™ coded bit delivered at timé. In [3], it is shown that messages and 3
computed by the SP algorithm are equal to the well-knewand 5 recursions performed by the BCJR
algorithm. Therefore, comparing (50) with the definition o€ tho-called extrinsic probabilities in [1],
we may notice that messags, .., , is actually equal to the extrinsic probabilities of coded hi;.
Following the same reasoning it is straightforward to shbat message .., is equal to the extrinsic

probabilities of information bity;.

Turbo Code

We consider the factor graph of an unpunctured turbo codeemgdwith two ratel/2 recursive
convolutional encoders separated by an interleaver. W gt denote thelt" information bit of the

interleaved sequence. Since the turbo code is made up withcbmagolutional encoders, probability
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p(x,u) may be expressed as
p(e,w) =Y T{sp =0} [T sty — (w,s))}
~S l

x I{x] = out(uy, s})}

x {sf = 0} [T Hsti1 — (unqy, s}
l

X H{XZQ = OUt(uW(Z)v SIQ)}a (51)

wheresf andx;' respectively represent the state and the coded bits relativodei at timel. Factor graph
representation of (51) is shown in Fig. 14. In this figure, tretdagraphs relative to the two constituent
convolutional code are clearly visible. Using the resuttnirthe previous subsection, messaggs .,
and .1 computed by applying the SP algorithm on the factor grapftiveléo convolutional code 1
are respectively equal to the extrinsic probabilities dbimation bitu; and coded bitr}. In the same
way, messageg;:_., ,, andpuy: 1 are respectively equal to the extrinsic probabilities dbimation
bit u,; and coded bitz?. Applying then the SP-algorithm message update rules, we tratethe

messages leaving the code factor graph are simply equal to

fout (i) = frp1—u, (i) frpz o, (i), (52)
Hout (mzl) = Ml ! (le)v (53)
Mout(fﬁ%) = Hp2g? (1'12), (54)

Whereffr(i) is the function which corrsponds to information hit in the factor graph of decoder 2.
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1 BO = byg;
forn=1— N do
2 Computation ofp(ay|r, b1 V¥ ay;

3 Computation ofb(™ (see (15)-(18));
end

Fig. 1. Summary of the operations performed by the EM synchronizer.
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1 OV = by;
for m=1— M (SP iterations) do
2 b0 =pm-LN):
3 Computation ofug"lp, (ar) (see Appendix);
for n=1— N (EMgp iterations) do
4 Computation ofp(ax|r, b7~ D)V q; (see (39));

5 Computation ofb(™™) (see (15)-(18));

end
end

Fig. 2: Summary of the operations performed by the SP-EM syncheoniz
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Mapper Klog, |A| (Al - 2) K|A| (log3 |A| —1)
Decoder | K.Klog, |A| 297 2R+ 1) | K.K log, |A| (2°T3R 4 2)
S’y’l’bChTO 2[((]\']]0\‘/[1‘7'4—|'A|)_|—]V’r(‘ila,z K(NIT\?F+2)+N$UJI
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NUMBER OF ADDITIONS AND MULTIPLICATIONS REQUIRED TO PERFORMIFFERENT OPERATIONS AT THE RECEIVER
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Fig. 3. MSE for phase estimation and convolutionnally-coded transmission
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Fig. 4. MSE for timing estimation and convolutionnally-coded transmission.
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Fig. 5. BER achieved by the convolutionally-coded system versus théewai required multiplications.
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Fig. 6. MSE for timing estimation versus, /Ny-ratio for a turbo-coded transmission.

June 27, 2006 DRAFT



10
ad
o
10
—%—VV-OM
—-S—EM
_4| | B SPEM2{5}
10 t|-3-SPEMI1{5}
—7— SPEM2{15}
-v-SPEM1{15}
- - —Perf. Sync.
10° ‘ ‘ ‘
0 0.5 2 2.5

1 1.5
E /N, (dB)
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Code and mapping

factor graph

Fig. 11. Factor graph representationidi, a| b). Factor nodes and variable nodes are respectively denoted byescarat

circles.
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Fig. 12. Section of the factor graph of (46). Facfaris defined asfy = I{ax = out(Xx)}.
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Fig. 13. Section of the factor graph of (49). Facjbris defined asf; £ I{s;+1 « (u1, s1)}[{x; = out(us, s1)}.
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Fig. 14. Section of the factor graph relative to factorization (51). Fagtdis defined asf/ £ 1{sj,, «— (u;,s})}1{x} =

out(uz, si)}.
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